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THE TRANSPARENCY OF TURBID MEDIA* 


By Lupwik SILBERSTEIN 


In a recent paper on the transparency of a developed photographic 
plate as observed under various conditions' it was assumed that the 
total light scattered by each particle (grain) is sent forward, i.e. in 
the direction of and under acute angles with the incident light beam. 
It is well known that if the scattering particle, supposed to be spherical, 
is very small compared with the wave length, then, according to Ray- 
leigh’s elementary theory and Mie’s developed form of the electromag- 
netic theory,” one-half of the scattered light is sent forward and one-half 
backward,’ the distribution of intensity being perfectly symmetrical 
with respect to the plane passing through the particle and normal to 
the incident beam. For particles, however, whose size is comparable 
with the wave length there is a tendency of the scattered light to con- 
centrate in the forward direction. This tendency, derived theoretically 
but tested also experimentally,‘ is for gold particles, for instance, 
already very pronounced at a diameter of 160my (with A550), while for 
somewhat larger particles (180my) practically the whole scattered light 
is sent forward, as a glance on Mie’s figures (l.c., p. 429) will show. 
These and similar examples computed by Shoulejkin,’ who pushed the 

* Communication No. 318 from the Research Laboratory of the Eastman Kodak Com- 
cet Lk. Silberstein and C. Tuttle. The Relation between the Specular and Diffuse Photo- 
graphic Densities. J.0.S.A. & R.S.1., 14; , p. 365; 1927. 

2 G. Mie, Ann. der Physik, 25, pp. 377-455; 1908. 

* Unless the particle is a perfect conductor, when almost the whole light is scattered 
backwards. Cf Mie, Lc., p. 430. 


* As e.g. by R. Gans, Ann. der Physik, 76, p. 29; 1925. 
5 W. Shoulejkin, Phil. Mag. 47, p. 307; 1924. 
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ratio of particle size to wave length up to the value of two or thre« 
units, have suggested the adoption of the said assumption in the cas« 
of the black silver grains of photographic emulsions, the size of thes« 
grains being in general of the order of the wave length of visible light. 
(Commonly, their diameters range from a few tenths to several whole 
microns.) The assumption of a unilateral spreading of the scattered 
light recommended itself also by the obvious simplicity of its conse- 
quences. Moreover, the object of that paper was only to correlate with 
each other the two kinds of photographic “‘density”’ (diffuse and spec- 
ular) without studying each of them in detail as a function of the 
size and the number of particles, and for this purpose the assumption 
turned out to be accurate enough. It has, therefore, been adopted in 
that connection, although implying the rather uncertain extrapolation 
from Mie’s spherical metallic particles to the generally larger, shape- 
less, and spongelike silver grains of the photographic plate. ’ 

In the present paper the problem of light transmission through turbid 
media will be treated without this special, simplifying hypothesis. It 
will be assumed that of the light scattered (or rescattered) by each par- 
ticle a certain fraction ¢ is sent forward and the remainder backward, 
the numerical value of this fraction being left free. The equations 
corresponding to this general case are somewhat more complicated 
but can be solved without trouble. 

Consider a plane-parallel layer of absorbing and scattering particles 
which will be supposed to be all equal. Let J, be the intensity of the 
incident light collimated normally to the layer at its front surface 
(x=0) and J the intensity of the directly transmitted light which has 
penetrated to any depth x. The total energy scattered (per unit 
time) by a particle which is struck by this light can again be written 
Al, where A, the scattering coefficient, will be a function of wave 
length, etc. Of this energy let the fraction 


tAl 


be sent forward and the remainder (1—{) AJ backward (along rays, 
that is, which make with the incident beam angles 0 to 7/2 and 2/2 
to m respectively). Let «J be the energy absorbed by a particle, NV 
the number of particles per unit volume, and dn=Ndx. Then, in the 
first place, we will have for the directly transmitted light 


dI 
—=—(x«+A)I, (1) 
dn 
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which is independent of the partition of the scattered light. Next, if, 
at any depth x, S be the total flux of scattered light energy directed 
forward and S’ that directed backward, a first cor’: bution to dS/dn 
will be {AJ and (1—¢) AJ will be one to —dS’/du, the role of x being 
for the retrograde flux S’ replaced by —x. Further, of the scattered 
radiation S the amount «S will be absorbed and the amount AS will 
be rescattered, per particle; of the latter, however, the fraction [AS 
is again sent forward so that only (1—¢) AS is lost to the S-flux. 
Finally, the amount of S’ rescattered is AS’ and of this AS’ is sent 
in the negative and (1—¢) AS’ in the positive direction of the x-axis. 
Thus the equation for S becomes 
dS 


— =tAI—«S—(1—-¢)AS+(1—-H)AS’, 
dn 


and similarly, the equation for S’, 


dS’ 
——=(1-—)AT—«S’—(1-—)AS’+(1-O)AS, 
dn 
or, collecting the terms, 
dS 
—=fAIl—aS+(1-—f)AS’, (2) 
dn 
dS’ 
——=(1-—f)AlT—aS’+(1-—H)AS, (3) 
dn 
where 
a=k+(1-—f)A. 


(1), (2), (3) are the required differential equations for the three light 
fluxes.© In addition to these we have the boundary conditions, viz. 
at the front surface (x =0) of the layer, 7 =7,=1, say, and 


S=0, for n=0, (4) 
and at the back surface, 
S’=0, for n=A, (5) 


6 An explicit consideration of distinct light fluxes directed back and forth has already been 
introduced in A. Schuster’s treatment of the problem of an incandescent “foggy atmosphere,”’ 
Astrophysical Journal 2/, p. 1; 1905. Schuster limits himself, however, to the special case of 
equal distribution (i.e. §=1/2), which would suit only very small particles. Moreover, he 
has no term representing the collimated radiation but, in accordance with the nature of his 
subject, considers only the scattered fluxes in either sense. This leads to two equations only 
which (apart from the emission terms) differ somewhat from (2) and (3). 
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where # is the total number of particles per unit area of the layer. 
(For {=1 this system of equations reduces at once to our previous 
formulae, loc. cit.) 

By (1), 


[=e~-?* 


where p=x+A. Thus the directly transmitted light would still obey 
Beer’s simple law. 


To satisfy the equations (2) and (3) put 
S=re~?"+ae**+be*"* 
S’ =9'e—?*+ 0’ A" +-b'eF'* 


where r, r’, etc. are constants to be determined. Substituting into (2), 
(3) and comparing the coefficients of the three exponentials we find, 
first of all, 








re r=—1, 
at+p P 
r—— r=—1, 
(1—f¢)A 
so that r’=0 and r= —1. 
Next, 


a’ a+, (1—f)A 
= =A, say, 


a (1-i)A a-p 





a oe a—p’ _(1-9)A © 
vs 6 (I-A at B’ 

The first pair of these equations gives 8 = +[a?— (1—£)?A?]'/? and the 
second pair gives exactly the same expression for 8’. Thus, either 
B’=8 or 8’=—8. But in the latter case we would have \=y and, by 
the boundary condition (5),a+4=0. This, however, would clash with 
the condition (4) which calls for a+5=1. We are left, therefore, with 


B’ =B= [a*—(1—5)*A*]"/*= [x?+2(1—5)xA ]"?. (6) 


(Taking the negative square root we would only interchange the roles 
of a and 3.) 
The two fluxes now become 





uM, say. 


S=ae’*+ beo*—e-?*, (7) 
S’ =hae’*+ pbe~**, (8) 
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where 
a+8 a—B 
, ee | se ° 
(1—¢)A (1—g)A 


The coefficients a, b will be determined by the boundary conditions 
(4) and (5), ie. 





(9) 


at+b=1, dae*+pybe**=0, 


whence, writing henceforth m instead of a, 











pe” — dee” 
= , 6 =—_—_—__ . (10) 
peo" — eo” peo" — eon 
Thus, by (7), 
A—y 
= an oe FPS 
eo" — pe" 


where A, uw are as in (9). 
Ultimately, therefore, the emergent scattered light flux, proceeding 
forward, is 


$= = 
~  (a+B)e"—(a—B)e*" 





—e (etA)a (11) 
where 

a=(1—f)A+«, B=[x*+2(1—g)Ax]"?, 
and the intensity of the directly transmitted, collimated light, 


T=e7(tA)n 


Thus the total transmitted light flux S+J or (since 7>=1) the éotal 
transparency of the layer, as recorded, say, by means of an integrating 
sphere, will be 


[= = 
 (a+B)e"—(a—B)e# 





(12) 


which contains the original three constants only through their two 
combinations, a@ and 8.’ It is this total transparency which is un- 


7 This differs, even for {= 1/2, from Schuster’s result (loc. cit.) as regards the coefficients 
In fact, Schuster’s formula for the total emergent radiation R reduces, in absence of emission, to 


R=4e/[(1+c)e"— (10%), 





where, in our symbols c = rs while 8=/x («4+A), identical with our 8 for ¢=1/2. 
The difference in the structure of the coefficients is due to the fact that no collimated light (flux 
1) has been taken into account. The dependence on n, however, or equivalently on the thick- 
ness of the layer (cf. infra) is essentially the same. Schuster’s type of formula has also been ob- 
tained, by an entirely different reasoning, by Channon, Renwick, and Storr, Proc. Roy. Soc., 
94, p. 222; 1918. 
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ambiguously observable, while it would be hard to isolate J from the 
superposition of some unknown fraction of S. In photographic nomen- 
clature -log (S+J) would be the “diffuse density.”’ Notice that in 
general only J itself satisfies Beer’s law, while S and S+J do not obey 
this law. (In the particular case {=1 we have a=x=8, so that 
S =e-™—e-*", as in the first paper on this subject. In this case both / 
and J+S obey Beer’s law.) For small values of 6m the total trans- 
parency (12) reduces to 1/(1+am), and for large Bn to 2Be-*"/ (a+8). 

It may still be interesting to determine the total scattered light S’ 
thrown backward and emerging at the front surface (x =0) of the layer. 
This will be obtained by putting in (8) »=0. Thus 


S’=hat+uyb, 
i.e., by (10) and (9), 
eon — e-Bn 
Cee eS line ae (13) 
(a+B)e*—(a—B)e* 


or, compared with the total forward flux, 





§ (1—g)A 
= (¢8»— en) (14) 
S+I1 28 
For indefinitely increasing m the emerging backward flux (13) tends to 
| (1—s)A 
2 eee. 
at+p 


a finite value, as might have been expected. 

In all these formulae m or {Ndx is the number of particles over unit 
area, whether their distribution in depth is uniform or not. If it is 
uniform (NV =const.), the same formulae hold good when n stands for 
the thickness of the layer, only that x and A are then the original con- 
stants multiplied by J, i.e. the absorption and the scattering coeffi- 
cients not per particle but per unit volume. 


EASTMAN Kopak RESEARCH LABORATORY, 
RocHEsTER, N. Y., 
May 12, 1927. 








NOTE ON THE RELATIVE COMFORT IN READING 
BY ARTIFICIAL DAYLIGHT AND UNMODIFIED 
GAS-FILLED TUNGSTEN LAMPS* 
By Irwin G. PRIEST 
EXPERIMENT 
Some months ago Hon. W. A. Ayres requested of the Bureau of 
Standards information relative to artificial daylight for reading.’ In 
making this request, Mr. Ayres stated that he could read for long periods 
by natural daylight without discomfort or serious after effects. On the 
other hand, he said that reading for half an hour by ordinary electric 


incandescent light caused him great pain and resulted in headache on 
the following day. 


As an experiment, an artificial daylight unit, consisting of a 600-watt 
gas-filled lamp (Mazda C), a blue filter, and suitable reflector and 
housing, was installed in Mr. Ayres’ home.’ The apparent color temper- 
ature? was about 9000° K; and the illumination on the reading page 
was about 8 or 10 foot-candles. The experiment consisted in having the 
subject do his usual reading of black print on white paper and report 


the effects. This installation gave great satisfaction, Mr. Ayres report- 
ing that he could now read with comfort and without bad after effects. 

A smaller artificial daylight lamp (color temperature about 8000°K) 
was then tried, giving only about 3 or 4 foot-candles. This proved 
woefully unsatisfactory. It was tried thoroughly one evening and the 
next day’s after effects were such that the subject of the experiment 
would have nothing more to do with it. 

This experiment, of course, suggested that, after all, it might be merely 
sufficient illumination (foot-candles) and not quality (color) which 
determined the reader’s comfort. Therefore, another incandescent 
lamp (Mazda C, color temperature about 2800-3000°K) was provided, 
to give an illumination of something over 10 foot-candles (perhaps 15) 
and Mr. Ayres was requested to compare this with the first mentioned 
daylight unit (which gave slightly less illumination, about 10 foot- 
candles) and report his preference. His verdict was emphatically in 


* Published with the approval of the Director of the Bureau of Standards, Department of 
Commerce. 


1 Letter of January 10, 1927. 
? Color temperatures between 8000° and 9000°K correspond to light from a hazy pale 
blue sky. Cf. J.0.S.A. & R.S.L., 7, p. 1184; Dec. 1923. 
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favor of the artificial daylight. He insists and is very confident that 
the relatively blue color is the thing essential to his comfort, and that 
no amount of illumination of the color of the ordinary unmodified 
incandescent lamp would be satisfactory. 


DISCUSSION 


This account is submitted merely as a narrative of what happened 
in the experiment. The result is suggestive rather than conclusive in 
any general sense. It would be rash to draw from this single experiment 
any general conclusions as to the superiority of artificial daylight for 
evening reading. What is proven by the experiment is that one in- 
dividual reports himself comfortable and satisfied with artificial day- 
light and very uncomfortable and dissatisfied with ordinary incan- 
descent light even when the illumination by the latter is as great or greater. 
As to the cause or basis of this preference (physiological or psychological) 
we have no certain information. 

Since the above experiment was concluded (March, 1927), previous 
data and opinions having a direct and important bearing on it have 
come to my attention. It appears worth while to summarize them as 
follows: 

(1) Ferree and Rand? have shown that acuity, speed of discrimina- 
tion, and power to sustain acuity are all notably higher with artificial 
daylight than with the unmodified light of the gas-filled tungsten lamp. 
The difference in power to sustain acuity is particularly significant. 
“For example, the ratio time clear to time blurred for the daylight glass 
was 71; for the tungsten lamp, 35; and for the yellow of the spectrum, 
29.”* Although Ferree and Rand do not give a definite specification of 
their artificial daylight, it is probably fair to assume that it was between 
sunlight and blue sky. It does not seem to be clearly stated in the paper 
that the illuminations were equal; but Dr. Rand advises me that this 
was the case.5 Moreover, Ferree and Rand in extensive experiments 
have found natural daylight, for equal illumination, superior to in- 
candescent lamp light in tests of acuity and power to sustain acuity 
as well as in speed of vision. They also find ocular fatigue less under 
natural daylight.* Dr. Rand has also informed me’ that they have been 


3 Trans. I. E. S., 17, pp. 71, 80, 82, and 85; 1922. 
‘ Trans. I. E. S., 17, p. 85. 

5 Letter of May 22, 1927. 

* Trans. I. E. S., 21, pp. 594-597; July, 1926. 

7 Letter of May 22, 1927. 
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able to duplicate under artificial daylight the speed of discrimination 
found under natural daylight. 


(2) In tests made several years ago by the Nela Lighting Research 
Laboratory, a majority of observers preferred the relatively bluish light 
of the so-called ‘‘daylight lamps’ to the unmodified light of the gas- 
filled tungsten lamp for reading, even though the illumination was only 
two-thirds of that afforded by the unmodified gas-filled tungsten.* The 
lamps referred to probably gave light about the quality of that supplied 
by the ordinary carbon arc, i.e. bluer than unmodified gas-filled tungs- 
ten lamps but still quite yellow relative to natural daylight. 

(3) Dr. Rand? offers the following comment after reading the manu- 
script of the above report on Mr. Ayres’ case: “I think, however, that 
there are some people who are more sensitive to the quality of artificial 
light than others. While my acuity, speed, etc. are higher under day- 
light, natural and artificial, than under Mazda quality, I do not 
experience discomfort from ordinary work under the latter. There are 
plenty of people of my acquaintance, however, whose testimony is 
that their eyes suffer under Mazda light and are comfortable under 
artificial daylight. I think this is not merely a subjective phenomenon 
with them.” 

(4) Mr. Norman Macbeth tells me'® that he has unpublished letters 
from more than one hundred people indicating that they prefer arti- 
ficial daylight to ordinary unmodified incandescent light for reading. 
There is considerable difficulty in deciding how to treat such “testi- 
monials”; and the critical investigator may well be inclined to ascribe 
the alleged benefits to “‘illusion.”” Nevertheless, they can not be ignored. 
Quite aside from any reason for it, the primary matter of interest is 
that numbers of readers do prefer daylight. If they find} comfort in 
it,it is a good thing for them even if others are unable to understand 
their preference. (Undoubtedly some people dislike the artificial day- 
light for one reason or another.) 

(5S) Data by Carlson" indicate a slightly higher acuity for daylight 
than for gas-filled tungsten at illuminations below twenty foot-candles. 
Curiously enough the tungsten seems to be superior at higher illumina- 
tions. 


§ Luckiesh: Trans. I. E. S., 19, p. 448; 1924. Commery: Trans. I. E. S., 21, p. 612; 1926. 
* Letter of May 22, 1927. 

1° Oral statement, April 6, 1927. 

" Trans. I. E. S., 2/, p. 621. 
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(6) Dr. Louis Bell," in discussing the data of Ferree and Rand, 
suggests an hypothesis which may account for the superior power to 
sustain acuity with a daylight illumination:—‘It seems to me that 
here we have entirely a different situation entering, which determines 
the factors of sustained acuity, and that is, the effect of the various 
wave-lengths on the photo-chemical substance, whatever it is, which 
actually determines vision.”’ 

(7) The experimental data of Ferree and Rand on increased acuity 
with daylight seem to be inconsistent both with a priori conclusions 
based on the fact that the retinal image must be less sharp with such 
light than with light of a more restricted spectral range, and also with 
experimental data showing that acuity is actually improved by screen- 
ing the gas-filled tungsten lamp with a very selective yellow filter." It 
may be that effective visual acuity is the resultant of two opposed 
effects, viz., (a) the physical definition of the retinal image is improved 
by lack of heterogeneity in the wave length composition of the light; 
(b) the physiological functioning is improved by approximation to 
daylight distribution and impaired by approximation to homogeneity 
(Bell’s hypothesis). If these two principles be admitted, a reconciliation 
of the findings of Ferree and Rand on one hand and Luckiesh and Moss 
on the other, by different adjustments of these effects, is conceivable. 

It should also be emphasized that the data of Luckiesh and Moss 
just cited, tell us nothing about fatigue and power to sustain acuity. 
It may well be that increased acuity with light of restricted wave length 
range is secured at the expense of more rapid fatigue and decreased 
power to sustain acuity."* With regard to the power to sustain acuity, 
the findings of Ferree and Rand in favor of daylight (either natural or 
artificial) appear definite and significant. On these points there seems 
to be no other evidence either confirming or controverting them. In a 
subject so difficult of experimental attack, further investigation by 
independent workers would be of interest; but, in default of this, it 
seems reasonable to accept the conclusions of Ferree and Rand. 

It will be noted that the previous data indicate the reasonableness 
of our findings in the present case. Since it has been established by 
Ferree and Rand that power to sustain acuity is notably greater for 


® Trans. I. E. S., 17, pp. 87-89. 

3 Luckiesh and Moss: “Visual Acuity with Shortened Spectrum,” J.0.S.A. & R.S.L, 10, 
pp. 275-281; 1925. 

4 This is the opinion advanced by Mr. Norman Macbeth in conversation and corres- 
pondence with the writer. 
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daylight (both natural and artificial) than for the unmodified light 
from incandescent lamps, one might well expect that comfort in pro- 
longed reading would be enhanced. The a priori argument of natural 
adaptation of the organism to the environment in which it has evolved 
may also be cited in favor of daylight. I have not, however, found any 
published account of a case in which such marked and pronounced 
benefit was experienced as has been testified to by Mr. Ayres. Dr. Rand 
herself, says, as noted above, that while her own acuity, speed, etc. 
are higher under daylight, she does not experience discomfort from 
ordinary work under common incandescent illumination. Mr. Commery 
speaks of the subjects of the Nela experiments only as “‘preferring”’ a 
light bluer than unmodified tungsten; no mention is made of discomfort 
and pain incident to reading by ordinary incandescent light being 
relieved by the use of this bluer light. Doubtless there are very great 
differences among individuals. Mr. Ayres states that his great difficulty 
arose from using his eyes too soon after a long illness some fifteen years 
ago. The thought suggests itself that daylight is really a superior 
illuminant for all individuals; but the shortcomings of ordinary arti- 
ficial incandescent illumination become quite painfully manifest only 
in the case of those whose vision is impaired by pathological conditions, 


probably in the retina. This, however, is merely a suggestion, not a 
conclusion. 


At first thought, the well known fact that many persons prefer the 
very yellow warm glow of candle light to the relatively blue electric 
incandescent light for evening illumination is seemingly quite incon- 
sistent with the data given above. I believe, however, that there is no 
necessary contradiction in this. This preference is probably due largely 
to poetic, artistic, and sentimental association rather than to comfort 
in prolonged work requiring sustained high visual acuity. From the 
artistic point of view, daylight in the evening is an incongruity not 
readily overlooked. A beam of sunlight projected into the cozy living 
room in the winter evening, or on to the hearthstone in front of the 
glowing embers at midnight, is a jarring note. Doubtless, for many 
purposes, man finds sweet relief from daylight cares in the genial glow 
of fireside and candle light; but there appears to be no evidence that 
any one can read with greater comfort by light of the quality of the 
candle flame. In fact there always has been a wide-spread layman’s 
opinion that reading by candle light was “hard on the eyes.”” (Doubtless 
much of the difficulty has been duetoinsufficient illumination. However, 
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it now seems reasonable to ascribe some of it to the quality as well as 
to the quantity of light.) Until it is definitely shown that some one 
has higher sustained acuity and suffers less fatigue under candle light 
than by daylight we may well assume that this preference for yellow 
illumination is merely a matter of the seeming fitness of things pertain- 
ing to night rather than day, and has no bearing on the question of the 
best illuminant for reading. 

Further experiments comparing, in various ways and under carefully 
controlled conditions, the relative merits of daylight and yellow in- 
candescent light for reading would be of considerable interest. If 
many people find the benefit experienced by Mr. Ayres, it would seem 
that there is a wide field of usefulness for artificial daylight in relieving 
human suffering. 


APPENDIX 
BIBLIOGRAPHY ON PRODUCTION OF ARTIFICIAL DAYLIGHT 
The following references are appended for the convenience of readers who may not be 
fully informed as to the nature of artificial daylight and the means of producing it. 
H. E. Ives, “Artificial Daylight,” Jour. Frank. Inst. 177, pp. 471-499; May, 1914. 
E. J. Brady, “The Development of Daylight Glass,” Trans. I. E. S. 9, pp. 937-952; 1914. 


Luckiesh and Cady, “Artificial Daylight—Its Production and Use,” Trans. I. E. S. 9, 
pp. 839-864; 1914. 


H. P. Gage, “Daylite Glass,” Sibley Jour. of Eng. 30, No. 8; May, 1916. 
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PLANE WAVES OF LIGHT 
I. ELECTROMAGNETIC BEHAVIOR 


By Tuornton C. Fry 


1. Scope of the paper. It would seem that the subject of plane light 
waves had been exhausted. If information is wanted, the obvious thing 
is to go to Drude or Wood for it. So when I wanted to make some 
apparently routine calculations on the absorption of light by thin 
films of metals, I merely chose the formula that seemed suited for the 
purpose. The results, however, were obviously wrong; though what 
was wrong with them proved to be far from obvious. In fact, before I 
had found my mistake and corrected it, I had been led to work through 
the entire subject from the beginning in my own way. 

In many respects the results at which I arrived in this way were 
different from anything contained in the usual reference books. A 
search of the literature has shown that few, if any, are new; but it has 
also confirmed the belief that they are decidedly not common knowledge. 
In fact, in so far as metals are concerned, the only similar work appears 
to have been done by E. Ketteler, in a book called Theoretische Optik, 
published in 1885. This book is not in the New York Public Library, 
and I have been unable to locate it elsewhere. I only know of it through 
Ketteler’s complaint,' that its results had been consistently overlooked 
by later writers. He did not use Maxwell’s Theory but he seems never- 
theless to have obtained much valuable information. Among other 
things he claims to have discovered the properties of the “principal 
azimuth,” which affords one basis of determining optical constants, 
and with which he is not usually credited.’ 

This being the state of the literature on the subject, apurely expository 
paper such as the present is probably worth while. The general outline 
of the paper is as follows: Starting with Maxwell’s equations as data, 
and assuming a form of solution which ultimately turns out to be the 
appropriate one for plane waves, but which contains a large number of 
constants, the relations are presented which these constants must satisfy 
because of purely mathematical requirements. In order that this part of 


' In a paper in Wied. Ann., 67, p. 879-893; 1899. 

? Other anticipatory papers are: W. Voigt, Wied. Ann., 67, p. 185-200, 1899; E. E. Hall, 
Phys. Rev., 15, pp. 73-106, 1902; Schaefer and Gross, Ann. d. Phys., 32, 1910. These deal 
only with dielectrics. The search, however, has not been at all exhaustive and a more com- 
prehensive treatment may have been overlooked. 
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the paper may not read too much like a text book on algebra, the deriva 
tion of the relations is omitted. 

Thereafter, the constants are taken up one at a time, and their physica! 
significance discussed, after which the physical meaning of their mathe 
matical irrelations is studied. 

2. The fundamental equations. We begin with Maxwell’s equations 


oH 
curl E= —— ——e 9 
c a 
OH 
curl =—(oE-+e— ) (1) 
7. 
div E=0, 
div H=0, 


and ask for the most general solution which is an exponential function 
of x, y,z and ¢. Since E and H are vectors, a solution must be defined 
by six equations, one for each of the components E,, E,, E., H., Hy, H:. 
We choose one of them, to begin with, and call it ¢. Then if the solution 
is to be of the type chosen, @ must be of the form 


o= dei a(art by+cz)—ipt 


and the others must be of similar form. 

The constants ®, iga, igb, igc, and ip are, so far as we know at the 
start, perfectly arbitrary in all six equations. However, if we substitute 
them in (1), we find at once that the last four must remain unchanged 
throughout the set, otherwise (1) would either not be satisfied every- 
where, or else not at all times. The six equations can therefore differ 
only in the particular values assigned to ®. We denote these by, £I, 
Em, En, Hl’, Hm', Hn’, respectively,and write the solution in the form 


E, = Eleiaor+bytes)—ipt H,=Hl'eiaart bvtee)—int, 
E,= Emmet 1(e2+bytes)—ipt | H,= Hm’ e'ae7+ bytcs)—ipt | (2) 
E, = Ene‘ 147+ bytes)—ipt | H,=Hn'e'1e7+ bytez)—ipt | 


No generality is lost by assuming, as we shall do hereafter, that the 
triplets a, b,c; 1, m,n;l', m’,n’ satisfy the laws 


a?+b2+c?=1, 
P+m'?+n?=1, (3) 
V24+m’2+n'2=1 ; 
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for g, £, and H are still arbitrary, and this allows all combinations 
that would otherwise be possible. 

But not only must the exponents be alike; there are other relations 
which must be satisfied as well. They appear at once when (2) are 
substituted in (1), for then the variables all cancel out and leave only 
a system of simple algebraic equations, which, by routine algebra, can 
be thrown into the form* 

al+bm+cn=0, 

al'+bm’+cn'’=0, (4) 
ll’+-mm'+nn'=0 ; 

l'=bn—cm, 

m' =cl—an, (5) 
n'=am—bl ; 

=cm'—bn’', 

m=an'—cl', (6) 


n=bl'—am’ ; 


a=mn'—nm', 
b=nl'—In', (7) 


c=lm'—ml' ; 


q’ = hg ; (8) 
iq 

H=—E. 9 
. (9) 


In the last two g and / stand for the combinations 


o—eip 
_---s 
c 


i 
aed 
c 


(10) 


which recur with such regularity in studying reflection that it is 
desirable to have special symbols for them. 


3 As a convention regarding the coordinate axes, we measure positive values of z in that 
direction in which a righthand screw would move if rotated from x toward y. 
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This list contains all the relations which we shall want to use, which 
happens to be more than are logically required to insure that (2) is a 
solution of Maxwell’s equations. In fact, any three of the sets (3) to (7) 
could be omitted without harm. But on the other hand, we have placed 
no unnecessary restrictions upon the solution by including the others, 
for they are merely the minimum requirements masquerading in a 
different mathematical dress. 

Even when reduced to a minimum, however, there are eight conditions 
imposed upon the thirteen constants. Hence only five can be chosen at 
will, and it is found that these five must be chosen as follows: two (but 
not p, g) from among ?, g, E, H; the remaining three from among the 
triplets a, b,c; 1, m,n; 1’, m’, n’ (but not all from one triplet). 

3. Physical restrictions on the solution (2): So far we have paid no 
attention to the physics of our problem, but only to its mathematics. 
Now, however, we are ready to begin to interpret our equations. 

At the very beginning we are confronted with the fact that physical 
quantities are always real. Any set of values we may wish to give to our 
arbitrary constants—whether real or complex—is allowable mathe- 
matically, since the fundamental equations (1) will be satisfied; but 
unless these constants result in real E’s and H’s they mean nothing 
physically. Actually, very few such sets can be found, and they are 
trivial. 

However, Maxwell’s equations are linear, and we know that when 
such equations are satisfied by a complex solution, they must be satis- 
fied by the real and imaginary parts of that solution separately, or by 
either part multiplied by any constant we please. Thus, if p, g, E, H, 
and all three triplets in (2) are real, E, reduces to the sum of two terms, 


El cos [pt—q(ax+by+cz) | 


and 


—iEl sin [pt—q(ax+by+cz) |, 


because e~“=cos 0—isin 6. The first of these is real as it stands, 
and the second can be made real by multiplying by i. The same is true 
of E,, Z,, and the three H’s. Either set of results—that is, the one 
containing the cosines or the one containing the sines—is a real physical 
solution. 

This process, which is well known when the constants are real, is not, 
however, limited to that case. It applies equally well when they are 
complex. It does not even require the solution to be exponential in 








Se} 


fo: 
di: 
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form. Hence, instead of a complex solution not defining any physical 
disturbance, it defines two such disturbances simultaneously. 

4. What the constants mean when they are real: When all the con- 
stants in (2) are real, an observer who stationed himself at the origin 
of coordinates would see the disturbances as 


E,=Ele-ivt, E,=Eme-‘*t, E,= Ene-iv! 


with a similar set for the H’s. Each of these equations, however,‘ 
represents a simple harmonic oscillation of frequency p/27. One 
oscillation is directed along each of the three axes; and as they all reach 
their maximum extension at the time t=0—that is, as they are all in 
phase—the resultant of the three is also a simple harmonic motion 
along the diagonal of the paralellopiped which their maximum ex- 
tensions define. It, too, is in phase with all its components. 

Obviously El, Em and En are the “amplitudes” of the components; 
while by virtue of (3) the amplitude of their resultant is E. A glance 


z 





4 AEn 


J 


J 




















EI 





Fic. 1. 


at Fig. 1 shows at once that /, m and m are the cosines of the angle which 
the vector E makes with the three axes: they are called the “direction 
cosines” of E. 
Similarly, the group of H’s represents a simple harmonic oscillation 
of amplitude H, along a line defined by the direction cosines 1’, m’, n’. 
Next suppose the observer changes his position to a point x’, y’, 2’. 
He now observes the oscillation in the form 


E,=He‘™), Ey=Emer, E,=Ene(rr, 
where stands for g(ax’+by’+cz’). The only difference between this 


* When only the real parts are considered. Unless otherwise definitely specified, what we say 
about the physical significance of our equations will always refer to the real part only. 
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result and the preceding one is, that the harmonic components reach 
their maximum extension at the time n/p. The disturbance at x’, y’, 2’ 
is just the same as at the origin, but lags by the fraction n/2m of a period. 

It follows, of course, that the same is true of the disturbances at 
every other point the coordinates of which satisfy the relation 
g(ax+by+cz)=n. This, however, is the equation of a plane. It is 
proved in books on analytic geometry that a perpendicular let fall 
upon it from the origin has the direction cosines a, , c, and is n/q units 
in length. In other words: The wave is a plane wave, since the points of 
like phase lie in a plane (the wave front). It is also plane-polarized since 
the electric and magnetic vectors never change direction.® 

Finally, let the observer leave the origin at the time /=0, and travel 
along the normal to the wave front with a velocity p/g. At the time 
n/p he will be at a distance n/g from the origin. But we have seen that 
it is at this time that the E-vector reaches maximum extension at this 
place. The phase of the disturbance at /g when he arrives is therefore 
just what it was at the origin when he left. As /q is really any distance 
at all, it follows that, travelling with this velocity, the observer would 
note no variation in E whatever. It would always be at maximum 
extension. It is therefore natural to think of the plane of zero phase as 
travelling along with him. Hence it is said that planes of like phase 
travel normally to one another with a velocity p/q; or in other words, the 
phase velocity of the wave is p/q, in the direction a, b, c. 

5. Meaning of complex quantities: E or H: In the preceding sections 
all constants were supposed to be real. We now turn our attention toa 
discussion of their physical significance when they are complex. To 
simplify matters we shall consider them one by one without thought 
for the interrelations which they bear to one another. Later on, this 
defect will be corrected. 

If E (or H) is complex, it is best to write it in the polar form Eye". 
Then at the origin E, takes the form E,=Eye*~»”, and reaches its 
maximum extension at time n/p. That is, a wave of “complex amplitude’ 
Eve" lags behind a wave of real amplitude E by n/27 of acycle. The ampli- 
tude is Eo. There is no other difference. 

Now, turning to (8), (9) and (10) we find that g is real, and therefore 
H/E is real, whenever ¢ =0;but if 7 >0, H/E must be complex. Thinking 
of E as real, it follows that H is also real in dielectrics, but complex in 
metals. Hence in dielectrics the electric and magnetic vectors are in phase, 
in metals not. 


5 Of course they change sense twice each cycle. 
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It can be shown that the H lags behind the E by an amount ranging 
from zero in dielectrics to an eighth of a cycle in perfect conductors. 

6. Meaning of complex quantities: p and g. Complex p means a 
transient disturbance; that is, one which dies out as time goes on. We 
have no further interest in it. 

If g is complex, let us write it x+ix. Then the exponential terms of 
(2) take the form 

eit(art bytcz —ipt, e~ * (art bytez) | (13) 
If the second term of this product were not present, (2) would represent 
a plane-polarized plane wave of light traveling in the direction a, 6, c 
with a velocity p/x. As it is, if this second term is thought of in con- 
nection with E, it becomes obvious that it merely modifies the amplitude 
in such a way that the maximum extension of E (and the same is true 
of H) is not as great at some points as others. 

At all points on the plane ax+by+cz =d/x«, the amplitude is Ee~‘, as 
compared with E at the origin. This plane has the same direction 
cosines a, 6, c as the wave front; hence amplitudes as well as phases are 
alike at all points of a wave front when a, b, c are real.’ If d/x=1, the 
origin is one unit distance, in the shortest direction, from the plane 
under consideration. That is, the plane on which the amplitudes are E 
and that on which they are Ee~¢ = Ee~* are unit distance apart. There- 
fore, in unit distance the amplitude falls off by a factor e~*: « will be 
called the “damping per unit distance.”’’ 

Of course, since H is proportional to E, it follows that H is damped 
out at the same rate, and in the same direction, as E. 

* The reason for this proviso will appear in sec. 8. 

’ Damping is usually measured in optics by what is called an “extinction coefficient.” 
There are two definitions. In our language, the usual one (Drude, Wood) is equivalent to 
1/2x times the damping per metal-wave-length. To be strictly accurate we should add “of 
plane polarized light,” for a reason which will appear in sec. 8. For the type of wave which 
we are considering at present the wave-length is A=2x/K. Hence the extinction coefficient 
K so defined is: K= 

=*/x 
The other (Abraham-Féppl) is equivalent to 1/2 times the damping per ether-wave-length. 
The Jatter wave-length is Ao=2xc/p. Hence the extinction coefficient Ko is 
Lo =CK/x- 

The latter definition is decidedly the better. Not only is the color of light usually described 
by its ether-wave-length, but, in addition, when a wave of ether-wave-length Ao impinges on a 
metal, the velocity of propagation and therefore the wave-length in the metal varies with the 
angle of incidence. It seems much better to tie our definitions up to something that can be 
expected to stay fixed throughout our experiments. This also will appear in sec. 8. 


Tacitly, of course, the usual definition refers to the metallic disturbance produced by 
normally incident light. 
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7. Meaning of complex quantities: 1, m, n and Il’, m’, n’: When 
l, m, nm are complex they may be written 
l=i+ 12, 
m=yu+ip, 
n=v-+iv. 


Then E, can be split up into the sum of two terms 
E,= Ene’t(e2tbvtes)—ipt | 
E, = iEdeisertbytes)—ipt . 


and a similar process may be carried out for E, and E,. Considering 
real parts, the terms E,, E, and E, are just like (2) and represent 
component oscillations all of which are in phase with one another. There 
is only this difference: Where we knew, in connection with Fig. 1, 
that /?+m*+n*=1, we do not know this about \*+y?+v?. Suppose, 
however, that we call the latter sum wu? and define a new set of numbers 
L, M, N asX/u, p/u, v/u. Then L?+M?+N?=1 and the set E,, E,, E, 
take the form 

E, = (Eu)Leiaer+bvtes)—ipt | 

E, = (Eu) Meta(etbutes)—ipt | 


E,= (Eu) Netatertbutes)—ipt | 


This defines a plane wave of plane-polarized light travelling in the 
direction a, b, c with its E-vector constantly pointing in the direction 
L, M, N, its maximum extension being Eu. 

As for the set E,, E,, E,, they may be treated in exactly the same 
way; the result being a wave travelling in the direction a, 5, c, with its 
E-vector pointing in the direction L=4/u, M=y/u, N =v/u, its ampli- 
tude being Eu. (u?=2?+p?+v?). But there is this difference: the 7 in 
the equations for E., E,, E, is equivalent to e‘*/?, and causes this 
vector to reach its maximum extension a quarter period later than the 
other. Hence when the two are superposed to give back the original 
oscillation they result in a rotating vector. 

When |, m, n are complex the E-vector oscillates as in elliptically polar- 
ized light, the two components being of magnitude Eu and Eu and having 





Attention need scarcely be called to the fact that, since the index of refraction is by defini- 
tion the ratio of the velocity of light in space to that in the medium, we have the law N=cx/p. 
Taking this in conjunction with the definitions given above, we have the relations 


q~ 2 w+iky) =2y0+iK, 

















Sept., 1927] PLANE WAVES OF LIGHT 145 


the direction cosines L, M, N and L, M, N, respectively. The latter lags 
90° behind the former. 


Let us now note that when /=\+22, - - - , are substituted in (3) the 
result 


u?—u?+2i(AX+up+rv) —1=0 
is obtained. But as the real and imaginary parts must separately 
vanish, this requires that 
u?=u?+1, 
AA+uytrv=0. 


The first says that u>u, which tells which is the larger component 
in the elliptical oscillation. To interpret the latter we make use of a 
theorem from differential geometry: that the cosine of the angle between 
two intersecting lines is 


cos ¢ = LL+MM+WNN, 


(11) 


the L, M, N and L, M, N being their direction cosines. But by dividing 
(11) by uu it is easily seen that the angle between the directions of the 
two oscillating components is 90°. Hence Eu and Eu are at right angles; 


Eu> Eu. 
f om Ys 
A _ 
P 4p 


Fic. 2. Fic. 3. 


Before proceeding further, we need some scheme for representing 
graphically the life history of our variable forces. If P is a point of 
observation past which a wave of light is travelling, an arrow may be 
drawn from it to represent the magnitude and direction of the electric 
vector at a given instant. As time passes this vector changes—either in 
length or direction, or both—and its end-point therefore describes some 
sort of curve. If this curve is known, much of the life history of the 
vector is known; particularly if its position at the time ¢=0 and the 
direction in which the curve is described are given. 
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Thus Fig. 2 represents a vector the length of which never chang‘s. 
At the time ¢=0 it was in the direction PQ, (as shown by the heavy 
arrow) and thereafter rotated counter-clockwise about P. The electric 
force in a circularly-polarized beam of light would be of this form. 

Fig. 3 represents a vector which always lies along the line PQ, but 
which changes magnitude (and sense). At the time ¢=0 it was of 
length PQ (half its maximum extension) and was receding (as shown by 
the arrow). The electric vector of plane-polarized light behaves in this 
way. 

Now let us use this sort of diagram to illustrate what happens when 
1, m,n are complex. We know that the resultant oscillation is the sum 
of two oscillating components, (Fig. 4a) at right angles to one another 


“ 
A“ R yy , 


\\ 

/ — j 
‘ ie \ Py 
‘ . 


, 
\ 





(a) (b) 
Fic. 4. The behavior of the electric vector when its direction cosines are complex, (a) in a 


dielectric; (b) in a metal. 

and 90° out of phase. Hence the resultant vector describes an ellipse. 
The major axis of this ellipse is of length 2Ew and lies in the direction 
L, M, N; while the minor axis is of length 2Eu and lies along L, M, N. 
The direction of rotation is from L, M, N toward L, M, N (or, as we 
may say, from the positive major toward the positive minor axis). It 
is shown by the arrow in Fig. 4a. 

If E is a complex quantity E,e*, the entire argument regarding 
1, m, n goes through exactly as before. The only effect of the 7 is to 
change the phase of the elliptical oscillation, as shown in Fig. 4b.* 

Of course, all these statements apply equally well to 1’, m’, n’ and 
the accompanying H. 


5 The exact position of the arrow is determined as follows: a circular arc is struck with the 
major axis as radius, and the angle 7 laid off as shown. Then a perpendicular is dropped to the 
major axis. This cuts the ellipse in the required point. If 7 were negative the angle would be 
laid off in the other sense (that is, toward E.u instead of away from it). 
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8. The meaning of complex quantities: a, b,c: If we write 


a=a+ia, 
b=8+ 16, 
c=yt+1y, 


and for the moment assume g to be real, the exponential terms in (2) 
take the form 


eiglartBytyz ipt e~ artButA-) | (14) 


Obviously the first of these factors defines a progressive wave motion, 
and the second one “damps it out.’”’ A complex g led to two similar 
factors and defined a damped wave even when a, b, c were real. But 
there is a vital difference between the two cases: for when a, b, c were 
real both the planes of like phase and the planes of like amplitude were 
defined by the same equation ax+by+cz=constant; whereas here the 
planes of like phase are defined by ax+8y+z=constant, and the 
planes of like amplitude by a different equation ax + $y+ yz =constant. 
It is therefore not necessary that they be parallel. In fact, if we denote 
co? +6°+7? by w*, and a?+6?+¥? by w? it is easily seen from (3) that 
w*=1+w?’, and that aa+68+yy=0. As in the case of complex /, m, n, 
the second of these shows the two lines to be at right angles. The 
planes of like amplitude are normal to the wave-front. 

Our equation (14) is still not in a form strictly analogous to (13), 
however. For in (13) the a, 6, c are direction cosines; in (14) the cor- 
responding triplets a, 8, y and @, $8, y must first be divided by w and w 
to make direction cosines of them. Suppose we call the results A, B, C 
and A, B, C. Then (14) becomes 


ei ge(Art+BytCz)—ipt ¢— qW(Ar+By+Cz) 
’ 


in which gw obviously plays the same role as the «x of (13), and gw as 
the x. It follows at once that the normal to the wave-front is in the direc- 
tion A, B, C, and the wave travels along this normal with a velocity p/qw. 
As w>1, this velocity is less than the velocity p/q with which a wave 
travels when a, b, c are real. Moreover, since the planes of like phase 
are at right angles to the planes of like amplitude, the wave suffers 
no damping in its direction of propagation; but the amplitude is damped 
out at the rate of gw per unit length in the direction A, B, C, which lies 
in the wave front. 
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In other words, an observer who stationed himself in a wave-front 
and moved with it would observe no change of amplitude; but if he 
began moving about in it, he would find that the amplitude was not 
everywhere constant. 

Such waves actually exist physically in the case of “total reflection.”’ 
Take for example the case of Fig. 5, in which the upper medium may be 
thought of as glass and the lower as air. 

As the velocity of ordinary light in glass is less than that in air, the 
distance between the wave fronts a and 6 of a beam incident in the 
glass is less than that between the wave-fronts of its refracted beam in 
air. 








\ 














Fic 5. 


Now if the electromagnetic boundary conditions at the boundary are 
to be satisfied these wave-fronts must match up, which they can only 
do provided the lower set have a greater tilt than the upper. By no 
manner of manipulation of the lower set, however, can the distance d 
be made less than ),, while the upper set can be tilted still further, in 
which case d would be still smaller. There is therefore a limiting angle 
of incidence (the angle of total internal reflection) beyond which no 
ordinary light waves in air can match up with the waves in the glass. 
Hence when light waves impinge on the glass-air surface at still greater 
angles, the disturbance in the air must move with a velocity less than 
“the velocity of light.” 

If all the energy is reflected, there can be none flowing into the air. 
Hence if the phase velocity implies a stream of energy, as we are ac- 
customed to think it does, this energy stream can have no component 












— aes oo Oh 
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normal to the boundary. Therefore the velocity vector is parallel to 
the boundary. Obviously, however, the intensity of the disturbance in 
the air must be the same at all points of a plane parallel to the boundary. 
Hence the damping takes place perpendicular to the boundary; which 
makes it perpendicular to the velocity. 

So far in this discussion g has been assumed to be real, so that what 
has been said applies to dielectrics only. The same argument in the 
main can be carried out if g is complex. In that case, when the exponent 
ig(ax+by+cz)—ipt in (2) is separated into its real and imaginary 
parts, it is found that the disturbance is again a wave travelling in one 
direction and damped out in another. However the planes of like phase 
now have the equation 


(ax — ax) x+ (Bx— Gx) y+(y«x—yx)z=const, 
while the planes of like intensity have the equation 
(ax+ ax) x+ (8x+ Bx) y+ (yx+yx)z=const. 


By a certain amount of rather tedious algebra it can be shown that 
the phase-velocity is p/(w*x?+ w*x*)'/?, which is smaller than the velocity 
p/« which a wave has when 4a, b, c are real; and that the damping is 
(wx? + w*x?)'/? per unit length, which is greater than in the more usual 
case; and that the directions of the two are not at right angles. Hence 
an observer who fixed himself upon a wave-front and travelled with it 
would observe a decreasing amplitude as he progressed; and he would 
also find the amplitude to vary, if, having “frozen” the wave he moved 
about from point to point of the wave-front. 

This sort of wave is set up in a metal whenever a plane wave of light 
shines upon its surface. 

No matter what the angle of incidence may be, the entire surface is 
uniformly illuminated. If the metal were in the form of a very thin 
sheet, it is physically obvious that the under surface would be uniformly 
illuminated too. In other words, the planes of like intensity would be 
parallel to the surface of the metal. The same is true whether the sheet 
be thin or not. As energy is dissipated in the metal, there must be a 
component of energy-flow normal to its boundary. Hence,if the energy 
flows in the direction of the phase velocity, concerning which sec. 11 will 
leave us somewhat in doubt, though not in a sense which invalidates 
our present argument, the velocity vector must be inclined to the sur- 
face. The wave-front therefore cannot be at right angles to the planes 
of like amplitude. 








. 
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Intuitively, therefore, we could have inferred that such waves exis| ; 
but we could hardly have concluded that the wave length of the light 
within the metal varies with the angle of incidence, nor that the ex 
tinction coefficient does. But it is now obvious that both these things 
are true. For when the light is normally incident, the refracted beam 
obviously has its planes of like phase coincident with its planes of like 
intensity. It therefore has real values of a, 6. c. At all other angles of 
incidence the sets of planes are inclined, which implies complex a, d, c. 
We have seen that complex a, b, c always implies decreased velocity 
(wave length) and increased damping (extinction).° 

The study of reflection, however, though it gave rise to the present 
paper, is not included in its scope except to the extent of illustrating 
that “‘waves of complex a, b, c’ are physical realities. There are, 
however, other general properties of these “hybrid waves,” as we shall 
call them hereafter, which we have not yet derived. 

9. The orthogonality relations: So far we have made no use of the 
relations (4) to (7), and indeed, when the quantities are all real, there 
is little to say about them. By comparing (4) with (12) it becomes 
obvious that the three vectors, direction of propagation, electric in- 
tensity and magnetic intensity, are mutually at right angles; and (5), 
(6), and (7) merely repeat this fact in another form. But when the 
quantities are complex the equations tell us a great deal more. 

To start with, we notice that if any one of the three triplets a, ), c; 
1, m, n; l', m’, n’ is complex, one other at least must be. For suppose 
a, b, c to be real and /, m, n to be complex. Then by (5) 


I’ =(bv—cph) + i(bv—cp) =d’+ id’, 
m’ = (ch—av)+ i(ch— av) =p'+ ip’, 
















(30) 
n’ = (apn— br) + i(ap—b2) =v’ + iv’. 


* To this argument the objection may be raised that in absorbing media like dye-stuffs 
the damping is determined solely by the distance the beam travels, and not by the angle at 
which it enters. It can be shown mathematically that this result is approximately true of weak 
absorbers, the approximation being so nearly exact that it is doubtful whether a variation could 
be detected physically. But in strong absorbers like metals an oblique beam may fall off in 
intensity much more rapidly per unit travel than one that is normally incident. 

In the air-disturbance outside a totally reflecting glass surface the ccnditicn is similar, in a 
way. At the exact angle of total reflection the intensity of the “refracted” beam is the same 
(theoretically, at least) at a point a millimeter from the surface as it is at the surface; but as the 
angle is exceeded by larger and larger amounts the intensity at this point rapidly decreases. 
Of course, the two things (metallic and total reflection) are not strictly analogous, for there 
is no propagation into the air and there is into the metal. 
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Unless 2’, w’, v’ are all zero the triplet /’, m’, n’ is complex; and 2’, p’, v’ 
can only vanish simultaneously if all three of the quantities 4, w, v are 
zero, in which case /, m, n would not be complex as supposed. 

There are, then, three possible situations: (a) all three triplets real; 
(b) one real and two complex; (c) all three complex. Of these, the first 
has been adequately considered already, and the last can be shown to 
result only from the superposition of two waves of the second type, 
just as elliptically polarized light results from the superposition of two 
beams of plane polarized light. Hence it is only necessary for us to 
consider the second case, where one triplet is real. The problem again 
resolves itself into three cases according as the real triplet is a, ), c; 
l,m, n; orl’, m’, n’. 

The mathematical relations which we need are the same whichever 
triplet is real, for the equations (4) to (7) are all perfectly symmetrical; 
but it happens to be simplest physically to think of a real a, b, c, which 
corresponds to the perfectly familiar case of elliptically polarized light. 
We begin, then, with this case. From (4): 


(ad+bu+cv)+ i(aa+ by+ cv) =0. 


Since the real and imaginary parts of this equation must vanish 


separately it is really equivalent to two equations, and by dividing these 
equations by u and u respectively we obtain 


aL+bM+cN=0, 
aL+)$M+cN =O. 


Hence the velocity vector is at right angles to both components of the 
electric force: that is, it is at right angles to the plane in which the 
electric force lies. A similar result follows from the second of equations 
(5). Hence the velocity vector is at right angles to the plane of H also. 
This, however, can only happen provided in elliptically polarized light 
the electric and magnetic vectors rotate in one and the same plane. 

Next we inquire as to the shape and situation of the H-ellipse. It 
is very easy to see from (30) that 


AA’ + yp’ +r’ =0 : 


in fact when the real parts of the middle members of (30) are multi- 
plied by A, uw and » respectively, the coefficients of a, b, and c all 
vanish at once. This equation (divided, of course, by the proper quanti- 
ties w and w’ in order to produce direction cosines) says that the direc- 
tions L, M, N and L’, M’, N’ are at right angles. Hence in elliptically 
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polarized light the major axis of the H-ellipse coincides with the minor 
axis of the E-ellipse. Of course, the other pair must also coincide." 

Finally, by routine algebra which we need not go through it can be 
shown that u’=u and u’=u. That is, in elliptically polarized light the 
H- and E-ellipses are similar. 

The situation is that shown in Fig. 6, the part (a) of which corresponds 
to a dielectric, with E and H in phase, and the part (b) to a metal 
where H lags behind. The heavy arrows represent instantaneous 
positions of the E- and H-vectors at a given point of space. As time 


a 

Fic. 6. J een a relation of the electric and magnetic vectors of elliptically polarized 
light to the velocity and damping, (a) in a dielectric; (b) in a metal. 
passes they rotate in the horizontal plane, and in the direction indicated, 
with a frequency of revolution equal to the frequency of the light. At 
some other point off in the direction of propagation w the same situation 
exists, except that E and H do not reach the marked positions quite 
so soon. In other words, the “phase” to which the heavy arrows cor- 
respond arrives later and later at points further and further above the 
plane of the diagram. In addition, in the metallic case (b), there is a 
shrinking of everything as we travel off in the direction w, due to the 
absorption of energy. 

There are still two things about Fig. 6 which have not been shown to 
be true: first, that the E and H vectors rotate in the same direction; 
second, that w points in the direction in which a right handed screw 
would move if turned from E toward H. To prove these things requires 
only algebraic juggling of a sort with which we can dispense. 

Finally it should be said that, though EZ and H have been shown 
rotating counter-clockwise this may be reversed without affecting the 

‘© The E- and H-ellipses of Fig. 6 have been drawn equal as well as similar, but the dimen- 


sion lines indicate their true magnitudes. As these magnitudes vary with the units of measure 
used, they are of no particular importance. 





Sept., 1927] PLANE WAVES OF LIGHT 153 


direction of propagation w, provided both are reversed. In fact, exactly 
this change results if all three triplets are replaced by their conjugate- 
complexes—a process which does not affect the real components which 
define w and the major axes, but changes the signs of the imaginary 
terms upon which the minor axes depend. 

10. Hybrid waves: The argument of section 9 is based upon the 
assumption that a, b, c is the real triplet. But the only equations used 
in the argument were (3), (4), (5), (6) and (7); except that in defining 
phase relations in metals (9) was also used. Now if a, 6, c is replaced by 
|, m,n; 1, m,n by Ll’, m’, n’; and l’ m’ n’ by a, b, c, the equations (3) to 
(7) reappear in exactly the same form. The same is true if a, }, c; 
1, m,n; I’, m’, n’ are replaced by 1’, m’, n’; a, b, c; 1, m, n. Hence we 
must conclude that what we have learned in section 9 would have been 
equally true in a mathematical sense if we had dealt with either of the 
other cases; though of course its physical interpretation might be vastly 
different. There is only one place where caution would have to be 
observed : when phase relations in metals were under discussion equation 
(9) was used, and it does not take part in this cyclic permutation of 
triplets. 

Now all this being true, it is certainly much simpler to re-phrase the 
results of sec. 9 in general terms and re-interpret them, than it would be 
to carry the same discussion through twice more. We therefore adopt 
this plan, and agree to use the following expressions for still further sim- 
plification: “first triplet’’ for the real one and “second” and “‘third”’ 
for the others in the proper cyclic order: 

First a, b, ¢, l, m, n, Vm’, 2’, 

Second /, m, n, Ll’, m’, n’, a, b,c, 

Third 1’, m’,n’; a, b,c; l, m, n; 
“major components’”’ of a triplet for the real terms which give rise to the 
major axis of “its ellipse”; and “minor components” for the others. 
Then our results phrase themselves as follows: 


a. The first triplet defines one vector of unit length. 

b. The second defines two vectors—one by its major components; 
the other by its minor components. The same is true of the third triplet. 

c. The major and minor components of the same triplet are at right 
angles. The minor may be either to the right or left of the major; but 
whichever is true for the second triplet is true for the third also. 

d. The two major components are equal in length, and so are the two 
minors. 
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e. The ellipses of the second and third triplets have their axes inter- 
changed. 

f. They both lie in a plane normal to the vector defined by the first 
triplet. 

g. If the major component of the second triplet were rotated toward 
the major component of the third, it would cause a right-handed screw 
to move in the direction of the first. 

When the first triplet is /, m, n, the second 1’, m’, n’, and the third 
a, b, c, the physical interpretation of these statements leads to Fig. 
7(a). The E-vector has real direction cosines: it therefore oscillates as 
in Fig. 5 (plane polarized light). In Fig. 7(a) it is shown pointing toward 


(a) (b) 
Fic. 7. Illustrating the relation of the electric and magnetic vectors of hybrid light to the 
velocity and damping, (a) in a dielectric; (b) in a meta!. Magnetic vector rotating. 


the reader. The H-vector (the second triplet) rotates as in elliptically 
polarized light. It is shown rotating in the vertical plane, with its instan- 
taneous position pointing toward the right. The minor axis is vertically 
upward. To the third triplet also corresponds a pair of vectors (b)," 
equal in length to the two axes of the H-ellipse (d); situated with respect 
to one another in the same relative fashion as the axes of H (c); at 
right angles to E (f); and so placed that if the major H-axis were 
rotated toward w it would cause a right handed screw to move in the 
direction of E (g). These vectors derived from a, b, c have been quite 
thoroughly discussed in sec. 8. The major one w points in the direction 
of the phase velocity, and its length defines the magnitude of that 


1 These letters refer to the list of similarly marked statements above. 
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velocity by means of the formula p/qgw. The minor one w points in the 
direction in which the amplitude decreases, and its length measures the 
damping per unit length by means of the formula qw. 

At points in the direction w the situation is just the same, except for 
delayed phase. At points in the direction w it is just the same, except 
that everything is shrunk to a smaller scale; and conversely at points 
in the opposite direction the diagram must be magnified. The wave front 
is the plane Ew. The planes of like amplitude are parallel to Ew. All 
this will be found in section 8. 

If the direction of rotation of H be reversed, which causes the minor 
axis to point downward instead of upward, w must point toward the 
right. 

This is the sort of disturbance set up outside a prism when plane 
polarized light with its EZ-vector normal to the plane of incidence is 
totally reflected by it. 

Now turning to the case of a metallic medium, for which g is complex, 
we obtain the diagram of Fig. 7(b). The disposition of the axes of the 
ellipses is the same as before. So is the E-vector, which is omitted to 
avoid confusion. But the presence of a complex amplitude factor 
H = He‘ causes the phase to be retarded by an amount 7, as explained 
in secs. 5 and 7. PH, not Py, is the instantaneous position of the vector. 

So far everything is as before. But when we come to the ¢hird triplet, 
a, b,c, we are confronted by the necessity of taking account of the com- 
plex g which also contains the factor e‘*. Its effect is to “retard’’ the 
velocity vector by a “‘phase”’ 7 around its “‘ellipse’’; and the damping vec- 
tor also. That is, the term e** treats the velocity vector (the normal to 
the wave front) and the damping vector (the normal to planes of like am- 
plitude) which do not rotate just as it treats the instantaneous position of a 
rotating vector. I cannot justify presenting the algebraic proof of this 
here; but there should be no need of it anyway, since the symmetry of 
the three cases is a sufficient proof. 

I must point out, however, that the velocity and damping are no 
longer at right angles. As such a wave can be produced by letting plane- 
polarized light fall on a metallic surface this is to be expected, for as 
was noted in sec. 8 the planes of like amplitude cannot be at right angles 
to the wave front. 

This type of light is most peculiar. The E-vector behaves as in plane 
polarized light; the H-vector as in elliptically polarized light, except that 
its plane of rotation is not the wave front, but is at right angles to the wave 
front. In a sense, at least, it is not a transverse vibration. 
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It is for this reason that I call it “hybrid.”’ 

The third case where /’, m’, n’ are real leads to Fig. 8(a) when g is 
real. About this figure nothing need be said, except to point out that 
interchanging the positions of E and H has reversed both w and w. But 
when q is complex a different set of conditions arise, due to the fact that 
the rotating vector E now leads the oscillating vector H®: that is, 
E/H contains the term e~, since H/E has the term et‘. Hence PE, 
Fig. 8b, is shifted toward its minor ax's, not away from it. But a, b,c 
is still multiplied by q in (2) just as before, and g still has the factor 


(a) (b) 
Fic. 8. Illustrating the relation of the electric and magnetic vectors of hybrid light to the 
velocity and damping, (a) in a dielectric; (b) in a metal. Electric vector rotating. 


e**. Hence the velocity and damping factors are “‘retarded,”’ as before. 
This unfortunately spoils what would otherwise be a beautiful general 
law: for in every other case the direction of propagation is at right angles 
to the position of the rotating vector at that instant when the oscillat- 
ing vector is at maximum extension. In the present case that direction 
(PN) is not the direction of propagation, but the two are mirror images 
in the major axis of the a, b, c ellipse. 

This type of light, for g real, results from total reflection at a 
dialectric when ‘the incident light is plane-polarized with H normal to 
the plane of incidence. The complex q corresponds to reflection of similar 
light from a metal. 


® All our vectors are shown at the instant when the oscillating vector (if there is one) 
is at its maximum extension. The analogies are more striking when this is done. 
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11. The propagation of energy. Whether Poynting’s vector defines 
an actual physical flow of energy is a matter of some doubt. A uniform 
magnetic field crossed by a uniform electric field gives rise to an in- 
variable Poynting vector at right angles to both, and therefore to a 
constant stream of energy, if that is what the Poynting vector means, 
though why such a stream should exist is not clear. As a matter of fact, 
the basis for so interpreting the Poynting vector is rather flimsy. It 
is merely that the rate of accumulation of energy inside any prescribed 
volume is just what it would be if the energy flowed in that way. The 
relation is not unique, however; for to any Poynting vector could be 
added the velocity vector of any motion which an incompressible 
fluid might undergo, and the argument would be just as strong for the 
resultant as for the original Poynting vector. 

There is, however, nothing better in electromagnetic theory, where- 
fore we must either talk of it or not mention the energy stream at all. 
That energy flows cannot be doubted, and the desire to learn something 
about it is too natural to allow us to neglect it altogether. 

The exact Poynting formula is 


Cc 
S=— [eH], (50) 


the brackets indicating a vector product. £ and H are here instantane- 
ous values of the forces—not their amplitudes—and S is the in- 
stantaneous rate of flow. It may vary with time in either magnitude, 
direction, or both. Naturally all the quantities are real. 

Suppose, now, that E and H are at right angles, and that both are 
simple harmonic functions of time, and im phase. That is, suppose 
E=E, cos ptand H =H, cos pt. Then S is (c/4r)EoH, cos? pt. It is zero 
whenever pt is an odd multiple of 7/2 (twice in each cycle of E and H) 
and reaches a positive maximum in between; but it never changes sign 
or direction. As the average value of cos? pt is }, it follows that the 
average energy stream is S =(c/82) E,H». This, then, is the rate at which 
energy is transported in the long run. 

Now plane-polarized light in a dielectric is of this sort, and there is 
nothing unnatural about supposing that energy actually flows past a 
fixed observer in this way; that is, in the direction in which the wave is 
traveling (phase velocity), though not in a steady stream, but in two 
spurts during each period of the light. 

Next, suppose we had an E£ and an H, at right angles to one another 
and simple harmonic as before, but this time 90° out of phase.'* Then 





158 THORNTON C. Fry [J.O.S.A. & R.S.I., 15 


S would be (c/42)E,Ho cos pt sin pt. This S changes sign four times each 
cycle; during the first quarter cycle energy flows out, during the second 
back, and then repeats. This, too, is quite reasonable: for if E changes 
sign and H does not the direction of flow ought (we are quite satisfied 
to believe) also to change sign, and this or the reverse condition exists 
at the end of each quarter cycle. Obviously the average transport is 
zero. 

Finally, returning to (50), suppose the vector E is the resultant of 
any two vectors £, and E,, and H the same. Then obviously 


4 
—S= [(E:+E:)(Hi+H:)] 
= [E,H,|+|[£,4:|+|£.H,|+|E.H2). 


(S1 


That is, S is the resultant of four vectors, one formed from each com 
bination of component E’s and H’s. This is a purely mathematical 
result; it has nothing whatever to do with the question of whether 
these combinations could separately exist as physical waves. I mean 
this: It is obvious that if we begin with a physically possible plane- 
polarized wave and split its E into two components, say E,;=4E and 
E,= 4E, without splitting the H, the two combinations E, and H, 
and £, and H, have no physical existence. Nevertheless, if an energy 
flow is computed for each hypothetical pair, the sum will be the true 
energy of the original wave. This is all that (51) implies. 

Take, for example, the case of a plane-polarized wave in a metal, 
for which E=E, cos pt and H=H, cos (pi—n). By expanding the 
cos (pt—n) we find that H is the sum of two vectors. The combination 
of E with H, gives a pulsating flow just like that for similar light in a 
dielectric, the average transport being S;=(c/8r)EoH» cos n; while 
the combination of E with H, gives a surge and resurge in the same 
direction, with no resultant transport. In the long run, therefore, energy 
is transported at the rate S;. Now let us return to Fig. 5(b), which 
represents just this case. The figure is drawn for the instant when E 
is at maximum extension, and the length of the H-vector at this instant 
is Hg cos n, which is exactly the amplitude of the component H,. In other 
words: In plane-polarized light the long time average of transport of energy, 
both as to amount and direction, is the vector product of the E-vector at its 
maximum extension, by the value of the H-vector at that instant. 


43 Such a wave could not exist in any physically possible medium, as it would require g to 
be a pure imaginary, which implies a dielectric constant zero. But as will appear shortly, this 
physical impossibility does not matter for our purpose. 
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That the statement is true for a dielectric as well as for a metal is 
obvious. Jt is not true of elliptically polarized light, which is the sum of 
two plane-polarized beams each of which is capable of separate existence. 
That, however, is of little moment. What is of consequence is that an 
equivalent statement can be made for either of the hybrid types. 

Take first the case of Fig. 7(a) which applies to a dielectric only. 
Obviously the rotating H-vector is the resultant of two components, 
one in phase with E and lying along the major axis of the ellipse, the 
other 90° out of phase and lying along the minor axis. To the first 
corresponds a continuous energy transfer normal to both EZ and the 
major axis—that is, along the minor axis. To the other corresponds a 
surge and resurge in the direction of the major axis, but with no transfer 
of energy in the long run. 

So far as average propagation is concerned, the conditions are again 
determined by the position of H when E is at maximum extension. As 
in the other cases, the energy travels, in the long run, in the direction 
of the phase velocity w. But there is this difference. The surging takes 
place at right angles to this direction, not along it; as if the energy 
traveled a sinuous path in the general direction of w, like a very drunken 
man walking down a perfectly straight street. Perhaps the reason the 


phase velocity of hybrid light is less than that of plane-polarized light 
is the same as the reason the very drunken man does not progress as 
fast as he goes. ; 

In Fig. 8(a), where E rotates, the same general conditions exist: the 
average propagation is determined solely by the instantaneous position 
of the rotating vector (EZ) when the non-rotating vector (H) is at 
maximum extension.'* 


Finally, in case the hybrid beam is in a conductor, as in Fig. 7(b), 
the components of H along the major and minor axes are both out of 
phase with £. But an elliptical motion can be resolved in other ways 
than along the axes of the ellipse; it can be resolved along any pair of 
conjugate diameters. If we choose PH and its conjugate, the PH 
component will be in phase with EZ and the other 90° out of phase. Hence 
there is transfer of energy normal to both E and PH—which is again 
the direction of the phase velocity—and there is surge and resurge 
normally to E and the conjugate diameter—which is again the direction 
of the damping vector." 

“ Up to this point in fact, by the position of either when the other was at maximum exten- 


sion, but this duality soon disappears. 
% The conjugate of PH is that line along which the H vector will lie a quarter-period later 
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Now in 8(b) the same argument applies in every respect but one: 
the mean propagation is again normal to PE, but the direction of this 
normal does not coincide with the phase velocity PV. In other words, 
it appears to be a general law that 

In plane-polarized or hybrid light, whether in dielectric or metal, the 
mean transfer of energy is, in both direction and magnitude, c/8x times 
the vector product of the instantaneous E and H taken at the moment when 
the non-rotating component is al maximum extension: but it seems not to 
be true that this direction and the phase velocity always coincide. 
That is true in every case except hybrid light in a metal, with E rotating. 

This one case seems to be unique in the sense that “the wave goes 
one way and the energy another.” I say “seems to be” for the reason 
that, as I said at the beginning of this section, Poynting’s theorem is 
attractive rather than true. 

12. The fundamental types of plane waves of light: There is little 
need for a resumé to an expository paper. There are, however, several! 
concepts upon which additional emphasis might be placed. 

The “hybrid” waves are fundamental types in a sense in which 
circularly or elliptically polarized light are not. These latter can be 
made from—or made into— plane-polarized light; they are, basically, 
the same thing. Whether we think in terms of one or the other is a mere 
matter of convenience. But hybrid waves cannot be made from plane- 
polarized waves; nor the two types from one another.” 

Moreover, as we have said, within a metal the “absorbed light”’ is 
always of one of these types, except in the extremely special case of 
normal incidence. It is obvious that in studies of energy absorption 
and re-emission, whether as photo-electricity or radiation, the fact 
that one vector is always rotating, and both sometimes, should be kept 
in mind. 

Finally, I may remark that our use of Cartesian coordinates is really 
an artificial limitation. Substantially the same sort of argumentation, 
which is all based upon discussing what happens when certain constants 
become complex, is possible in any frame of reference; and in the case of 





It has a phase of »—x/2, while PH has the phase 7. The damping and velocity vectors of 
7(b) are “conjugate.” 

# It may be that they can be built up by the superposition of an infinity of plane-polarized 
waves, Fourier integral fashion. The statement refers only to decomposition into two simpler 
types. 
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cylindrical co-ordinates, at least, it leads to some very curious results, 
which I may perhaps present at a later time. 


BELL TELEPHONE LABORATORIES, INCORPORATED 
463 West STREET, NEw YorK. 
Feprvuary 1, 1927. 


The International Critical Tables of Numerical Data, Physics, 
Chemistry and Technology. Prepared under the auspices of the 
International Research Council and the National Academy of Sciences. 
Edward W. Washburn, Editor-in-Chief. Vol. II: xvii+616 pages. 
Published for the National Research Council by The McGraw-Hill 
Book Company, New York. Sold only in sets, five volumes, $60.00-— 
$12.00 per volume as issued. 

The first volume of this important work appeared several months ago. 
is devoted 
in large part to “the characteristic properties of a variety of natural and 
industrial materials and products, together with some additional mis- 
cellaneous information of technological interest.’”’ A glance through the 
table of contents shows such items as Strength and Related Properties 
of Woods, domestic and foreign; Building Stones; Clays; Refractory Mate- 
rials; Properties of Glass; Dental Cements; Lubricants and Lubrication; 
Animal and Vegetable Oils, Fats and Waxes; Leather; Thermal Insulating 
Materials; Sieves and Screens; Metallurgy and the Properties of Metals 





The present volume—the second of the five volumes planned 


and Alloys; etc. 

The method of presenting the data follows the first volume. For example, 
in the section on the properties of glass, one finds tables giving the composi- 
tion of some 146 different glasses arranged in order of index of refraction. 
Then comes a group of tables and charts giving various mechanical and 
thermal properties, such as density, viscosity, annealing temperature, 
coefficient of thermal expansion, and specific heat. A similar group of 
tables gives various electrical properties of a number of glasses. A compre- 
hensive table gives refractive indices for a number of glasses from 2.24 to 
0.276u. Another section presents data on the chemical durability of glasses. 

The section on Metallurgy is very extensive, covering some 250 pages. 
Much of the data is shown by charts and curves, especially for the various 
complex alloys. 

This second volume, although it is particularly adapted to technology 
in various branches, nevertheless contains a mine of information for both 
scientists and technicians. However, the real value of the entire work 
(i.e. the five volumes) cannot be evaluated adequately until the last volume, 
which is to contain the general index, is available. Without such an index 
it is difficult, if not impossible, to locate desired information, except by 
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an extensive search. It is this fact, probably, which gives these first two 
volumes a rather disordered appearance. 

Further, as is inevitable in a work of such gigantic magnitude, various 
shortcomings are bound to appear. For example, in the section on North 
American Woods, one finds the various woods listed in the order of their 
botanical names. One searches laboriously through the list for “cyprus” 
until, by accident, one finds at the back of the section an un-indexed \ist 
of common names, each with a “finding number.” Again one finds in the 
section on “Properties of Glass’’ (page 106) a table on “‘Transmission 
Factors” the caption to which begins “A=J/Jo (v. 1, p. 39)..... ” One, 
acquainted with the terminology, can guess what A, J and J» mean, but 
reference to vol. 1, p. 39 gives no enlightenment. In the table on ‘Flash 
Pe ye ae ” (p. 161), one finds a formula involving “‘B’’, the barometric 
pressure, but the units are not given. Nor are the units given in the column 
which records the flash points—presumably temperatures, but whether 
Fahrenheit, Centigrade, or Kelvin is not stated. In the section on optical 
glass we have not been able to discover the meaning of the data contained 
in the fourth column of the table beginning on page 89. The highly trained 
specialist will have no difficulty in understanding at ‘once the data which 
comes within his own field. But, in many cases, he will be compelled to 
“search diligently” to understand symbols and data when looking up 
information outside his field. For purposes of general reference, a somewhat 
fuller explanation of the several tables and symbols would have been very 
desirable, even at the expense of eliminating some of the material. The 
usefulness of tabular information is very closely connected with its ready 
accessibility. 

Nevertheless, we wish again to express admiration for the editorial 
staff which has had the courage to undertake a task of such unprecedented 
magnitude and which has produced an epoch making work of inestimable 
value both to science and industry. 


F. K. RicHTMyeR 
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THE ALTERNATING CURRENT BRIDGE 
AS A HARMONIC ANALYSER 


By Irvinc WoLFF 


ABSTRACT 


A simple impedance bridge, and auxiliary apparatus, is described for the measurement of 
total harmonic content of an alternating electric current. Total harmonic content is defined 
as the ratio of the square root of the sum of the squares of the harmonic amplitudes to the 
amplitude of the fundamental. This quantity is determined, using this method, by a simple 
comparison of two resistances. The bridge may also be used conveniently for the determina- 
tion of the amplitude of large individual harmonics of low order. Details are given showing 
the extent of its usefulness in this field and the way in which it should be manipulated. 


The simple alternating current bridge consists of four arms of fixed 
or variable impedance with a source of supply across one pair and a 
detector in the conjugate position. These impedances may be re- 
sistances, capacitances, inductances or combinations of any of them. 
In a great many possible combinations the impedances of the arms will 
not remain constant, nor will their ratios remain constant, as the 
frequency is changed. This will'generally result in a particular bridge 
being balanced at only one frequency, that is, the potential across the 
detector is zero for only one particluar frequency for a fixed adjustment 
of the bridge arms. 

This phenomenon is familiar to all who have used these bridges 
extensively, particularly at low frequencies. If the supply source 
contains harmonics the presence of these unbalanced harmonics, to 
which the ear and detecting instrument are relatively more sensitive 
is so disturbing that it is almost impossible to tell when the bridge is 
balanced for the fundamental. This suggests a method to obtain the 
harmonic content of the source. An investigation of the extent to 
which the harmonic potential fed to the detector represents the true 
harmonic content of the supply source is necessary. 

Most methods that have been developed for harmonic analysis are 
concerned with the determination of the amplitude of the individual 
harmonics. There is, however, a use for a simple method to determine 
the total harmonic content of a supply source and it is in this field that 
the bridge method has its greatest usefulness. A system will also be 
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described however whereby it may be used as a true harmonic analyser, 
(not including determination of relative phase angle). 

Before attempting any mathematical analysis let us consider brietly 
the characteristics the bridge arms should have in order to give most 
satisfactory operation. In order to get the full harmonic content 
across the detector, the bridge should be as unbalanced as possible for 
all except the one which it is planned to balance out. The bridge should 
be easy to adjust, preferably having its resistance adjustment and re- 
actance adjustment without effect on each other. The bridge shown in 
Fig. 1 where three arms are pure resistances while the fourth consists of 
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Fic. 1. Simple bridge used as harmonic analyser 


an inductance and capacitance in series supplies this need quite 
satisfactorily. The mathematical analysis of the use of this circuit for 
frequency analysis is now given. 
GENERAL THEORY 

The assumption will be made that the detecting device has a high 
enough impedance so that the current it draws may be neglected. As 
the detecting impedance will ordinarily be the grid-filament impedance 
of a vacuum tube this assumption is well justified. 


Let V; =amplitude of the fundamental in volts measured across the bridge 


V2= - “ © ‘second harmonic in volts “ Ss 
_— uo “ “ ; “ “ ty oe “ “ 
V,= third 
V a “ “ “ nth “ “ “ “ “ “ “ 
a= 


Adjust the bridge by means of R; and L or C to make the potential 
across the detector, caused by the gth harmonic, zero. If R; =rR, then 
R,=rR, and L,C w,?=1 in order that this shall occur. The subscripts 
qg on L and C indicate that these are the capacitance and inductance 
required to balance the gth harmonic. Subscripts 1, 2, 3, ---, m will 
be used for the fundamental and harmonics. As usual w is 2x times the 
frequency. We are now ready to find the potential across the detector 
caused by the pth harmonic for this setting of the bridge. Call this 
potential v,, 

?,p = potential drop across R,—potential drop across R,; 
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Because of the conditions for balance given above, and because 


Wy = Ju and Wp = pur 
rv. rRWV, 
7 whi 1 


Rilr+1)+ibe(* - “) 
q p 


1 
| Ri(r+1) ‘y" 


PLE-5I] 


V,(r/{[r+1]), is the maximum possible potential which can be applied to 
the detector when the arm containing L and C is completely open. The 
nearness of the third factor to 1 then represents the closeness with 
which this ideal is obtained. It is immediately apparent from an in- 
spection of the equation that the best results are secured by using 
condensers and inductors with small energy absorption, as might have 
been suspected. Best results are also secured by making r small. It 
should however be remembered that when r is made less than 1 the 
available detector voltage decreases quite rapidly. It seems that for 
general use a value of r of about 3 should prove satisfactory. 


r 
*. modulus of Vgp= vf pd -) 


THEORY OF TOTAL HARMONIC ANALYSER 


In order to measure the total harmonic content of a tone some defini- 
tion must be given of the meaning of the term total harmonic content. 
In specifying individual harmonic content it is customary to compare 
the amplitude of the harmonic with that of the fundamental. This ratio 
is equal to that obtained by comparing the square root of the energies. 
For a mixture of harmonics the harmonic amplitudes divided by the 
fundamental amplitude will not be equal to the ratio of the square root 
in the energies. Of the two quantities the ratio of the square root of the 
energies will have the most significance, and the total harmonic content 
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will therefore be defined as the ratio of the square root of the total 
energy developed in a resistance by the harmonics to the square root of 
the energy developed by the fundamental in the same resistance. [or 
a sum of simple harmonic terms, no two of which have the same fre- 
quency, the total energy is equal to the sum of the energies associated 
with each harmonic. This ratio may therefore be expressed as the square 
root of the sum of the squares of the harmonic amplitudes divided by 
the amplitude of the fundamental. In symbols harmonic content 
=[>°¢=F (V.)*]'/2 divided by Vi. 

When measuring the total harmonic content the bridge should be 
adjusted so as to eliminate the fundamental from the detector circuit. 
When the bridge is balanced for fundamental the general equation 
takes on the form 


1 


r R,(r+1) 2yre 
n= V{——) We td 
r+l1 1 
p 


We can now examine the extent to which the detector potential rep- 
resents the true harmonic potential. This is given by the closeness 
with which the third factor in the above equation approaches 1. It is 
obvious that for high values of p this approximation is better. We will 
therefore examine it for p=2, r can be taken as } as explained above, 
the resistance loss in the condenser can be neglected compared to that 
in the inductor, R,/L,, then representing the tangent of the phase 
angle of the inductor. This can easily be made as small as .2. Assuming 
this value the third factor becomes .98. For the third harmonic this 
same factor becomes .995. In almost all cases this approximation is 
ample. 

It may be noted that the resistance of the inductor may change as 
the frequency is changed. This can only serve to increase the unbalance 
of the bridge for the harmonics and will improve the percent of harmonic 
which is detected. 


MANIPULATION OF TOTAL HARMONIC ANALYSER 


A convenient circuit for the use of the bridge as a total harmonic 
analyser is shown in Fig. 2. When the double pole double throw switch 
is in position b, L or C and R; can be adjusted to make the galvanometer 
output a minimum, the output current then representing that due to 
harmonics alone. 
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As Mr. Ringel of this laboratory has suggested, the comparison of the 
harmonic output with the fundamental output can be made very readily 
by means of a potentiometer, no calibration of the amplifier and 
thermocouple galvanometer system being necessary. When the switch 
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Fic. 2. Complete circuit for harmonic analysis. 


is in position a the bridge arm containing the inductance and 
capacitance is open, thus feeding the complete tone times r/r+1 to the 
detector. At the same time the source is fed to the bridge through the 
potentiometer R;—R,. By adjustment of R; the galvanometer can be 
brought back to its minimum reading for switch setting 6. The 
harmonic content as defined is then given by the ratio R;/Rs very 
closely, when the harmonic content is small. 
Galvanometer deflection for switch setting b. 


=const. v. 
(—) p=2 


Same galvanometer deflection for switch setting a. 


r 2 p= 
=const. - V; 
1“ a av, 


Rs p=1 


pre 
for small harmonic content 


p=x - a R; 
> V,?=V,? nearly ..—- = ——————- nearly. 
p=1 Re V 1 
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There are two slight approximations in this expression. The first, 
which is quite small, is due to the fact that the harmonics are being 
compared with the total intensity rather than with that of a fundamental 
alone. If any correction is thought necessary for this error, it is made by 
multiplying the ratio by 1 plus } the square of the ratio of harmonic 
found. The second error is due to the fact that the resistance of the 
R; arm of the potentiometer is really R; and the bridge in parallel rather 
than R; alone. The correction is made when required for accurate 
work by replacing R; by this true resistance. 

In order to get correct results using this method, care must be taken 
at several points in the manipulation. The final detecting instrument 
must be of the square law type so that energy will be measured. The 
vacuum tube detector will not ordinarily fulfill this requirement and 
should not be used unless its characteristic has first been studied. A 
high resistance sensitive thermocouple with galvanometer is satisfactory. 
Some kind of a shunt, as indicated in the diagram can be used with it to 
vary the sensitiveness. The amplifier must give uniform amplification 
over the range to be studied. For this reason a resistance coupled ampli 
fier has been indicated in the diagram. The by-pass condensers should 
be large enough so that the lowest frequency to be analysed will be 
transmitted without appreciable attenuation. The 20mf condenser in 
the lead feeding the thermocouple is required to pass 30 cycles into an 
800 ohm thermocouple from a 2500 ohm tube. In making measurements 
it will be noted that the a.c. input voltage as measured by the voltmeter 
will be a minimum when the bridge is balanced. This is due to the fact 
that the resistance of the bridge when unbalanced is R; plus R; nearly, 
while when it is balanced R; plus R, is in parallel with this resistance. 
The harmonic reading is taken when the bridge is balanced for the 
fundamental but unbalanced for the harmonics. The harmonic content 
measured corresponds to the voltage across the unbalanced bridge and 
therefore when the switch is in position a and a readjustment of 
voltage may be necessary the reading should correspond to that given 
for position (b) of the switch when the bridge is unbalanced. When the 
total harmonic content is small and great accuracy is not required one 
voltage reading will be sufficient if R, +R: is made less than R,;+R, and 
R;+Rs=Ri+R:. Under these conditions there is very little change in 
voltage when the switch is thrown from 6b to a. It is recommended 
that the bridge be used this way. It will then be simplest to take the 
voltage reading for switch in position a. The resistance over which 
this drop takes place is Ri +R or Rs+Rz. 
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The bridge resistance does not always represent the impedance into 
which it is desired to investigate the output of the source. For this 
reason the resistance R; is placed in one of the input leads, for adjust- 
ment to the correct value. 


THEORY OF THE BRIDGE AS AN INDIVIDUAL HARMONIC ANALYSER 


Any harmonic frequency may be eliminated from the detecting circuit 
by adjusting the inductance and capacitance to resonance for that 
particular harmonic frequency and adjusting resistance R; to equal rR, 

The reduction of the potential acrossthe detector then gives a measure 
of the intensity of the harmonic which is eliminated. 

When any harmonic is completely balanced out the harmonics in the 
immediate neighborhood will also be partially eliminated. The extent 
to which the neighboring harmonics are afiecting the result may be 
calculated from the equation given in the general theory. A table is 
appended giving the figures for a possible bridge up to the sixth 
harmonic. We will assume a value of R,/Lw, of .2 andr=.5. The first 
column gives the harmonic which is completely eliminated while the 
succeeding columns show the percent of other harmonics present. 


TABLE 1. Showing effect of other harmonics on the one being measured. 





























Harmonic : - $< ———————| —————] 
eliminated 1 2 eae, SS | 6 
1 0 98 99.5 | x x | x 
| : a. a ~ oer j 
2 | 98 0 94 | 98 99 | 99.5 
3 | 99.5 94 0 89 96 | 98 
4 x 98 89 0 83 | 94 
a ~~ ; PSs Tee ves cree oe 
5 « | wow | @ | wo | © -f 8 
— — ES EE 
6 x 99.5 | 98 94 77 | 0 


A cross means that more than 99.5% remains. 


The figures given in Table 1 show that the field of convenient useful- 
ness of the bridge as an individual harmonic analyser is limited to the 
lower harmonics. For the higher numbers the partial presence of the 
neighboring terms makes calculations necessary which spoil the 
simplicity of the measurements. The usefulness of the bridge is also 
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limited by the fact than an energy detecting system is employed. s 
explained above the deflection of the galvanometer is proportional ‘o 
the sum of the squares of the harmonic amplitudes. The reduction in 
galvanometer deflection caused by the elimination of any small harmonic 
will therefore be quite minute in comparison to the total deflection anc 
its use under these conditions would not be advisable. This method will 
however be quite useful if the current to be studied contains a few quite 
intense harmonics of low order so that the reduction in intensity 
caused by their elimination is large and the reduction is due almost 
entirely to the elimination of the single tone under consideration. 


MANIPULATION OF BRIDGE AS INDIVIDUAL HARMONIC ANALYSER 


The circuit shown in Fig. 2 may also be used for this purpose. The 
switch should be kept in position b while measurements are being 
made. It may be thrown to a for calibration purposes. 

As the values of ZL or C or both are changed the fundamental and 
successive harmonics will be balanced out and the galvanometer will 
show a series of minima. It will generally be necessary to readjust R 
at each balance point. The computation made in the appended table 
was made for a resistance which did not change much from the value 
it had at the fundamental frequency. A slightly different computation 
is necessary if the resistance changes. It is easily developed and need not 
be given here. Having noted the galvanometer readings for the un- 
balanced bridge and for the successive minima a simple subtraction 
gives a preliminary estimate of the energy amplitude of each term. This 
under the conditions recommended for the use of the bridge will 
generally give sufficient accuracy. If more is required a few corrections 
using these amplitude values and factors similar to those given in the 
table, fitting the bridge being used, will give a result which will be 
sufficiently accurate for almost all purposes. Methods of successive 
approximation may of course be used if more accuracy is necessary. 


Rapio CORPORATION OF AMERICA, 
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AN INTERFERENTIAL DILATOMETER EMPLOYING 
AUTOMATIC PHOTOGRAPHY 


By R. H. SrnpEN 


INTRODUCTION 


The Fizeau interferential dilatometer at the present day finds a more or less widespread 
application in industrial and technical laboratories as an instrument for the precision measure- 
ment of thermal expansivity. Extreme sensitiveness combined with utmost mechanical 
simplicity especially adapt this instrument to a determination of thermal expansion of 
materials which are available only in small specimens. 

One example of a use it has found in industrial laboratories is the determination of the 
diametral thermal expansion of fine wires such as the composite wire used for sealing into the 
stems of incandescent electric lamps. The instrument has also met with approval for certain 
types of control testing where the requirements for precision are very strict, as in the case of 
the thermal expansion characteristics of glass used in the manufacture of incandescent lamps. 

In an apparatus designed for routine testing on any sort of an extensive scale, speed is a 
qualification which can not be overlooked. Aside from its capacity for extreme precision, 
the Fizeau instrument possesses an advantage in that and other important respects over other 
types of apparatus for measurement of thermal expansion. One of its major points of superi- 
ority rests in the fact that owing to the small size of the test specimens, temperature uni- 
formity of the specimens is much more easily and closely approximated than can possibly be 
the case where a relatively large volume must be brought to temperature. Ease of temperature 
control is an important factor in the length of time required to complete a test. Another 
definite advantage arises from the ability to use three separate specimens between the inter- 
ferometer plates; thus the result of a single run is in reality an average of three individual 
tests. 

Without doubt, the most serious draw-back of this instrument as ordinarily employed is 
the requirement for constant application on the part of the operator in observing and counting 
the displacement of interference fringes. This process generally requires almost continuous 
observation over relatively long periods of time necessary for the slow heating of the specimens 
at a uniform rate. Momentary lapse of attention on the part of the operator is sometimes suffi- 
cient to introduce unrecoverable error due to a mistake in counting. On the other hand, by 
the introduction of a photographic method of recording the displacement of the fringes, the 
necessity for direct observation can be entirely eliminated and the apparatus made almost 
wholly self-operative. Thus not only is its chief handicap removed, but incidentally the pre- 
cision of the method is also somewhat enhanced by the use of photography, primarily from 
the fact that a shorter wave-length may be used to form the interference fringes in the case 
of photography than is true where the fringes are visually observed, so that the unit of 
measure is somewhat more refined in the one case than in the other. In addition, gaining the 
results of a test in the shape of a photographic negative allows the use of a comparator for 
the accurate determination of fractional parts of the displaced fringes. 


A device for obtaining a continuous photographic record of moving 
interference fringes has been described by Dr. A. Trowbridge.! The 
vertical straight line fringes formed by a Michelson interferometer 


1 Photography of Moving Interference Fringes. A. Trowbridge, J.0.S.A., 6, pp. 195-198; 
March, 1922. 
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were used in taking photographs. The real image of the fringes was 
formed by a small achromatic camera lens. About one inch in front 
of the real image formed by this lens, a cylindrical lens of about one 
inch focus with its axis horizontal, was placed. The converging beam 
formed by the spherical lens just completely filled the vertical aperture 
of the cylindrical lens. The action of the cylindrical lens was practically 
to leave unchanged the horizontal spacing of the fringes, but to reduce 
the vertical line images to a series of point images of enhanced bril- 
liancy. At the focus of the cylindrical lens, a narrow strip of sensitized 
paper could be made to pass in a vertical plane by a simple roller 
mechanism. Light and dark bands appeared on the developed record 
which were parallel to the length of the strip as long as the fringes were 
stationary and oblique when displacement of the fringes occurred, the 
obliquity depending on the relative speeds of the motion of the fringes 
and strip. The number of fringes that passed a given point could be 
counted by noting the number of bands which crossed some line drawn 
parallel to the edge of the strip. 

An application of an essentially identical photographic method for 
recording the displacement of interference fringes in the Fizeau inter- 
ferometer has been made by A. Arnulf.2. Arnulf introduced a slight 
modification into the original instrument of Fizeau, whereby one of 
the optically plane surfaces of the interferometer system was replaced 
by a slightly convex surface. Thus instead of straight fringes, Newton's 
rings appeared. Displacements of the Newton’s rings were registered 
and counted. Registration of displacements of rings was accomplished 
by projecting them on a slit placed initially over the center and across 
which a photographic plate was drawn in a direction perpendicular to 
the length of the slit. 

An apparatus combining the Fizeau instrument and Trowbridge’s 
method of interference fringe photography has been in service in this 
laboratory over a period of several years. While little more in the way 
of originality than a fortunate coordination of existing material can 
be claimed for this particular development, the fact that a real saving 
in time and tedium for the operator as well as a slight increase in pre- 
cision has been effected in the handling of a considerable volume of 
routine testing will perhaps justify a presentation of its description. 
To Dr. C. F. Lorenz of this company is attributable the pioneer work 


2 A Recording Apparatus for the Measurement of the Expansion of Glass. A. Arnulf. 
Rev. d’Optique, 3, pp. 270-276; 1924. Science Abstracts 27A No. 2798. 
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on the diametral thermal expansion of fine wires of composite structure, 
of which much of the following is in large part an outgrowth. 
VACUUM FURNACE 
[he apparatus is shown diagrammatically in Fig. 1. The Lorenz 
type vacuum furnace in which the test specimens and fused quartz 
interferometer plates are placed, is worthy of mention. The outstanding 
feature is a thin walled drawn steel tube about the center of which 
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Fic. 1. Sectional diagram of vacuum furnace and optical system. 


an exposed heating coil is wound over a thin layer of mica. Owing to 
the thinness of the wall of the tube, the center may be brought to a 
temperature of 500° or 600°C, while the ends remain reasonably cool. 
The top of the tube is cooled by a jet of air playing on a set of copper 
vanes. In the cover, a glass window is sealed with wax in a plane slightly 
inclined to the horizontal, so as to throw aside reflected light. The 
internal arrangements are similar to those elsewhere adopted (3). As 
a slight innovation, the base-metal thermocouple is allowed to project 

3 Measurements of the Thermal Dilatation of Glass at High Temperatures. C. G. Peters 


and C. H. Cragoe, J.0.S.A.&.R.S.L., 4, pp. 105-144, May, 1920. Scientific Paper 393; 
Bureau of Standards, August 20. 1920. 
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a few millimeters into a small hole in the lower interferometer plate, 
thus bringing it as nearly as possible to the vertical level of the test 
specimens. Capacity for rapid heating and cooling as well as quick 
attainment of thermal equilibrium are desirable properties with which 
this type of furnace is endowed. 


PHOTOGRAPHIC RECORDER 


A large element in the successful operation of the apparatus as a 
time and labor saver is to have the problems of automatic photography 
disposed of in a satisfactory manner. It was, therefore, a stroke of good 
fortune that a device perfectly adapted to handle that end of the 
undertaking had already been developed. This is the Trowbridge 
patented recording camera, a description of which already has appeared 
in this journal (4). Although originally developed for a different use, 
it is ideally suited to the present purpose. The camera embodies a 
cylindrical lens with a rectangular aperture of variable width and roller 
mechanism for drawing a sensitized strip across the focal plane of the 
former. A commercial make of sensitized strip obtainable in rolls is 
accommodated. 

One of these instruments modified in some details to meet our 
particular needs was supplied to this laboratory by Dr. Trowbridge. 
A special slow-motion drive operated by a small electric motor is 
provided. In addition, the automatic development feature is done 
away with, the exposed strip being collected in small light-tight boxes 
in which it may be removed and taken to a dark room for development. 


OPTICAL SYSTEM 


The optical system is very simple. It is merely necessary to project 
a real image of the interference fringe system on the slot of the photo- 
graphic recorder. The diagram should be self-explanatory to any one 
who is familiar with the fundamental principles of the interferometer. 

The chief problem to be encountered is that of securing a sufficient 
intensity and definition of the image to give rise to a distinct, contrasty 
record on which the fringe displacement may be counted with ease and 
precision. As a means of enhancing the brightness and contrast of the 
fringe system, the pair of optically plane quartz surfaces are platinized, 
so as to increase the light reflected from them to optimum amounts. 
Under these circumstances, a quartz mercury vapor arc is capable 
of furnishing an adequate intensity of monochromatic illumination. 


‘A String-Galvanometer Oscillograph with automatic photography. A. Trowbridge, 
J.0.S.A.&.R.S.1., 9, pp. 557-568; 1924. 
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Under ordinary operating conditions, however, the radiation emitted by 
the mercury vapor arc corresponding to any one of its spectral lines 
departs considerably from being strictly homogeneous, owing to the 
well known spreading effect imposed on the spectral lines by the high 
vapor pressure existing within the arc tube; with a resultant rapid 
loss in definition of the interference fringe system if the path difference 
of the two interfering rays becomes greater than a few tenths milli- 
meter. One way of overcoming the difficulty is to employ a water cooled 
arc, but an objection to this form of source is that it has a tendency 
to go out which, of course, is fatal from the standpoint of securing an 
apparatus that shall be automatic in its operation. 

An alternative method, which has been adopted in the present case, 
is to place test specimens other than fine wires in three grooves or 
notches of equal depth spaced symmetrically about the circumference 
of one of the interferometer plates; the specimens conforming to certain 
dimensional specifications such that their length a few hundredths 
millimeter greater than the depth of the notches gives rise to an initial 
separation of the plate surfaces of only a few hundredths millimeter, 
thus confining the path difference of the interfering light within the 
limits of maximal definition. It is evident that the increment in path 
difference when the furnace is heated will not correspond to the total 
dilatation of the test specimens, but rather to the differential dilatation 
of the latter and a known depth of the fused quartz interferometer 
plate equal to the depth of the notches in which the specimens are 
placed. Inasmuch as the expansion coefficient of fused silica is of a 
lower order of magnitude than that of ordinary substances, its value 
for the pure transparent annealed material is sufficiently definite to 
be able to allow for the expansion of the interferometer plate with no 
resultant loss whatsoever in precision (5). 

There are other advantages which come from having the plate sur- 
faces close together. The sharpness of the fringes is intensified by 
multiple reflections. Apparent displacement of the fringes due to a 
slight change in the angle at which the plates are viewed is avoided. 

The portion of the spectrum of the mercury arc that is transmitted by 
a glass optical system contains three strongly actinic lines as regards 
the sensitized recorder strip, namely, AA546, 436 and 405my. Therefore, 
it is necessary to use a filter if a single system of fringes is to appear on 
the record. The most effective of the three is \436 my. Under certain 


5 Measurements on the thermal expansion of fused silica. Souder and Hidnert. B. of S. 
Scientific Paper No. 524; 1926. 
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conditions \405 is so overshadowed by the latter that a simple methyl- 
violet filter as recommended by Trowbridge, which intercepts A546 is 
adequate. However, for higher operating temperatures, it seems to be 
necessary to employ a filter that will also intercept A405 as otherivise 
a secondary set of fringes is in evidence on the record and is likely to 
lead to errors in counting. Two separate gelatine films impregnated 
respectively with potassium chromate and methyl-violet in proper 
relative densities make a suitable and permanent filter. 

Finally, a remaining factor which influences the clarity of the record 
is the orientation of the fringes with respect to the axis of the cylindrical 
lens of the recorder. Obviously for maximum distinctness, the direction 
of the fringes should be accurately perpendicular to the latter. Hence, 
a means of orientation that will not necessitate the disturbance of 
other adjustments must be provided. This is conveniently accomplished 
by providing the furnace tube with a pivot at the base which will 
allow it with its contents to be rotated about its vertical axis. 

For gauging the fringe displacement, lines of reference are afforded 
by a small circle inscribed concentrically on the surface of one of the 
interferometer plates and visible on the fringe image; the presence of 
which causes to be traced down the center of the record, due to the 
motion of the strip, a pair of parallel lines originating at opposite 
extremities of the transverse diameter of the circle image, that are 
crossed, wherever relative motion of the fringes with respect to the 
reference circle has occurred, by the fringe traces. The particular benefit 
of using a fiducial mark that is identified with the interferometer plates 
is that it is independent of any displacement of any other part of the 
system which might occur while a test was in progress. 


OPERATION 


The record strip is allowed to travel at a uniform slow rate, generally 
about 6 to 8 inches per hour, during the time a test is in progress. 
Usually it is desired to represent the results of a test by means of a 
curve several points on which must must be determined. This is 
achieved by following a standardized procedure, whereby the furnace 
current is set at a certain pre-determined value and a given time al- 
lowed to elapse, by the end of which the interior of the furnace will 
have practically reached a state of thermal equilibrium. The operator 
then records the e. m. f. of the thermocouple and at the same time 
stops the driving mechanism of the recorder for a few seconds by turning 
off the switch which controls the small motor, thereby causing a trans- 
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verse dark line to appear on the record due to over-exposure at that 


point. ‘ 
The heating current then is raised another step and the process 
repeated until as many points on the expansion curve as are wanted 
have been determined and the upper limit of the desired temperature 
range has been reached. When the record strip has been removed and 
developed, the temperature readings and fringe displacements can be 





Fic. 2. Portion of a fringe record strip exhibiting reference lines and pause marks. 


co-ordinated on the basis of these pause marks which are plainly in 
evidence. A portion of a fringe displacement record made during a 
test on which the reference lines and pause marks are in evidence is 
reproduced in Fig. 2. 

In conclusion, acknowledgment is due to Dr. C. F. Lorenz and 
Dr. A. Trowbridge for their helpful co-operation in developing this 
apparatus. 

ILLUMINATING ENGINEERING LABORATORY, 

WESTINGHOUSE Lamp CoMPANY, 


BLOOMFIELD, N. J. 
Marcu 18, 1927. 











A DEVICE FOR STUDYING MECHANICAL RESONANCE 
IN THE ELEMENTARY LABORATORY 


By Winturop R. Wricnut and ALFrep H. Croup 


Resonance, as described in most texts on college physics, involves 
the response of a vibrating system to harmonic impulses of its own 
natural frequency. Examples of resonance are drawn from many fields, 
ranging from the classic story of the bridge wrecked by the angry 
fiddler to the tuning of a wireless receiver. In the laboratory the illus- 
trations are usually confined to sound; an air column excited by a 
tuning fork, Kundt’s tube or Melde’s experiment. 

The ordinary discussion and the standard experiments leave much 
to be desired, both theoretically and practically. They demonstrate 
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Fic. 1. Resonator with oscillator. 


























that the maximum response of a system occurs when the applied force 
has the same frequency as that of one of the natural modes of vibration 
of the system. But it is not made clear that there is a response at all 
frequencies, that the approach to resonance is continuous, and that 
the response at resonance depends upon the friction as well as upon the 
factors governing the frequency. 
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The apparatus described herein has been devised for exhibiting to 
the student in the elementary laboratory the meaning of resonance as 
a special case of forced vibration. The vibrating system consists of 
two vertical steel knitting needles set side by side into a block A. 
(Fig. 1.) The needles are 1 mm in diameter and 10 cm long. At their 
upper ends they are joined by a cross arm F heavy enough to make the 
natural frequency of the system about 10 vibrations per second. The 
block is pivoted on a shaft B about which it is made to oscillate by 
means of an arm C which rests on a ball race D. The latter is mounted 
eccentrically on a second shaft Z. The arm is 10 cm long and the 
eccentricity is somewhat less than 0.5 mm. The shaft E is connected 
through a variable speed friction drive rotator (Cenco) to a 3/4 H P 
motor driven by a storage battery. This method secures a satisfactory 
means of varying the frequency of the forced vibrations by small 





Seace Derlecrion 


TACHOMETER REA DIG 
% Je 40 Fz 











Fic. 2. Resonance curves. 


steps and for maintaining any given frequency with sufficient con- 
stancy.'. A Weston tachometer of the magneto-generator type is di- 
rectly coupled to shaft E. The vibrator carries a mirror M for reading 
the amplitude of vibration by means of a lamp and scale. With a scale 
distance of 50 cm, a maximum deflection of about ten centimeters is 
easily obtainable. 

The curves of Fig. 2 show what the device will do in practice. The 
higher curve is for the vibrator, with its natural damping. The lower 
curve was obtained when a light vane had been attached to the 
vibrator. The two curves illustrate not only the change in the natural 

1 For student use, constancy and ease of adjustment in the driving mechanism are im- 
portant. A friction drive rotator has proved to be much better fitted for the purpose than a 


variable speed motor. The advantage of using a motor of much larger capacity than actually 
required lies in its ability to smooth out, electrically and mechanically, small irregularities. 
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period from the increased mass but also the marked effect of friction 
upon the response near resonance and its minor effect at other frequen- 
cies. The variation in sharpness of tuning with the damping is also 
clearly shown. The individual points are somewhat scattered in the 
case of the undamped system but the characteristics of the curve are 
quite definite. 

The device lends itself well to the qualitative study of transient 
phenomena, especially of the beats resulting from the combination of 
forced and free vibrations on starting. When some play is allowed be- 
tween the rocker arm and the shaft E the resonance curve shows a 
double peak, similar to that for closely coupled systems. It is believed 
that even the qualitative study of a mechanical system such as this 
will lead the student to a clearer view of vibrating systems in general. 
And in particular it will provide him with an introduction to the less 
tangible phenomena of electrical oscillations. 


SWARTHMORE COLLEGE, 
SWARTHMORE, Pa., 
June 15, 1927. 
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A CONTINUOUSLY VARIABLE DOUBLE SLIT 
By L. E. Dopp and G. H. June 


To demonstrate the optical principles in the Michelson interfer- 
ometer for measuring star diameters, and also to verify the formula, a 
double slit unit of continuously variable distance between the indi- 
vidual slits is desirable. The variable quantities in this experiment are 
(1) the angular width of the slit source that represents the star, (2) 
the wave length of the light, and (3) the distance between the two equal 
parallel slits placed just before the telescope objective symmetrically 
with respect to the telescope axis.'. When the values of the variables 
are such that the formula applies, the interference fringes are invisible. 
For a definite wave length and a fixed distance of separation in the 
double slit, the disappearance may be brought about by varying either 
the width of the single slit that represents the star, or its distance 
from the objective. But it is simpler, since the single slit source is 
situated some distance from the objective, to give the source a definite 
width and then effect the disappearance by continuously varying the 
separation in the double slit, this being located conveniently near to 
the observer. In the experiment as performed recently in the physics 
laboratory here, the distance from single slit to telescope was about 
80 ft, and the width of the source was of the order of 1 mm. 

The frame of the present instrument is a 3/16” sheet brass plate 
16.5x9.5 cm, with a rectangular opening 4.4x5.4 cm to accommodate the 
length of the slits and their range of displacement. To the back of 
this plate is attached a clamp ring fitting over the mount of the tele- 
scope objective, in the present case a lens with 6.3 cm aperture. Two 
straight parallel guide strips, G, Fig. 1, are screwed to the frame and 
form rectangular channels into which the slides, S, are fitted. The 
slides, of 1/16” sheet brass, are each 6.6x7.2 cm, and have near the 
inner edge a rectangular opening about 4 cm long and 6 mm wide, 
running at right angles to the direction of the slide. This opening, 
together with a moveable strip of the same material as the slide, pro- 
vides the slit aperture, variable in width from 1.5 to 0.5 mm. The 
moveable strip is attached at the front of the instrument to a thin plate 
fastened by screws to the slide. The slits are moved simultaneously, 


1 See L. W. Taylor, College Manual of Optics, Ginn & Co., 1924. 
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and symmetrically with respect to the center of the unit, by a right- 
and-left-handed screw, 1/24” pitch. This screw is mounted by means 
of an L-shaped bracket, which forms its bearing, screwed to the back 
of the frame. A distance of 1 cm separates the axis of the screw from 
the nearer ends of the slits. 





Fic. 1. Variable double slit unit, front view, with slit apertures separated 50 mm. 


When the slides are in contact the inner edges of the slits are at their 
minimum separation, 5mm. With a slit width of 1 mm, the minimum 
separation of the two slits is thus 6 mm, center to center. Since the 
maximum separation is 50 mm, the range of motion of each slide is 
seen to be about 22 mm. Fig. 1 shows the slides fully opened. 

Light is prevented from entering the lens through the gap between 
the inner edges of the two slides when they are separated, by means of 
an opaque curtain, C, mounted on a spring roller like an ordinary 
window shade, but without a ratchet device. The steel roller, outside 
diameter 3.27 mm, and shaft are both made of drill rod. Fig. 2 shows 
the system in axial section. 

The roller system is mounted on two brackets screwed to one of the 
slides so that the roller is midway between the slits when at their least 








Se} 


se 














Sept., 1927] VARIABLE DOUBLE SLIT 183 





separation. The helical spring of piano wire, 0.014” diameter, runs the 
entire length of the shaft over its small diameter. The two ends of the 
spring are bent so that one fits into a hole drilled in the shaft, the other 
into a hole drilled in the roller. The shaft is attached permanently 
to the bracket at the left, and the smaller end is held in position by 
the other bracket. A lower limit is placed on the diameter of the roller 
because the spring must be strong enough to keep the curtain properly 
stretched. 
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Fic. 2. Axial section of roller system. 
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The curtain material is black paper, 0.09 mm thick, of the kind used 
for wrapping photographic plates. The maximum outside diameter 
of the completely rolled curtain is 4.37 mm. This relatively small 
minimum distance would not have been possible with focal plane 
shutter cloth of diameter 0.26 to 0.28 mm. The paper curtain was at- 
tached to the roller by being inserted into a fine slit cut lengthwise 
into the latter for about 3/4 its length. The free end of the curtain was 
fastened to the opposite slide by means of the thin plate holding the 
moveable brass strip with which the slit in that slide is varied. 

Two lengths of commercial celluloid mm scale are mounted one on 
each guide strip, so that each scale passes an index line on one of the 
slides. A more desirable arrangement would be a single mm scale, long 
enough to cover the maximum range of the slides, and mounted on one 
of them so as to pass a vernier mounted on the other slide and reading 
to 0.1 mm. Or again, an index circle might be attached to the end of 
the screw shaft. 


DEPARTMENT OF PHYSICS, 
UNIVERSITY OF CALIFORNIA AT Los ANGELES. 
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Applied X-rays. By George L. Clark, Assistant Professor of Applied 
Chemical Research at the Massachusetts Institute of Technology, 
xili+255 pages. McGraw-Hill Book Company, 370 Seventh Ave, 
New York. $4.00. 1927. 


According to the preface, it is the purpose of this book to present x-rays 
as a new tool for industry by telling “‘what this new tool is, how it may be 
used, what results it produces, why it can be applied to practical problems 
of every-day life, and how industry is beginning to use it now.’”’ No attempt 
is made to discuss, except for brief mention, the application of x-rays to 
biology and medicine. 

The book contains twenty-two chapters, divided into three parts, viz: 
Part I, The Fundamentals of X-ray Science; Part II, The Direct Effects 
and Applications of X-radiation; and Part III, The x-ray Analysis of the 
Ultimate Structures of Materials. In Part I is found such chapter headings 
as “X-rays, Light and The Electro-magnetic Spectrum,” ““The Generation 
and Properties of X-rays,”’ “High Tension Equipment,” ““The Absorption 
of X-rays,” and “X-ray Spectra and Atomic Structure.” 

Part II presents very briefly the effects of x-rays and includes a short 
chapter on “Measurement of X-ray Intensities.’’ The chapter on Radio- 
graphy discusses the examination of metal castings, coal analysis and many 
other industrial uses. 

Part III, as would be expected, comprises over half of the book. Because 
of the fundamental importance of crystals in the structure of materials, 
considerable space is devoted to a description of the several types of 
crystals, the experimental x-ray methods of crystal analysis and the relation 
between structure and the fundamental properties of crystals. The chapter 
on colloidal and amorphous structure will be found particularly interesting. 
Three chapters discuss in detail the subject of x-ray diffraction methods in 
metallurgy. The book is well illustrated throughout by numerous diagrams 
and photographs. 

Books of this kind are particularly important. For, while it is true that 
applied science follows pure science, it is also true that activity in applied 
science reacts in many ways to advance pure science. In no field is this 
more true than in x-rays. From the very beginning the demand for x-ray 
equipment for medical purposes has made available to the experimenter in 
fibre science apparatus which, otherwise, might never have been available. 
Workers in both pure science and applied science will be grateful to 
Dr. Clark for his efforts in preparing this book which should be an im- 
portant factor in extending the applications of x-rays to various branches 
of industry. 

F. K. RIcHTMYER 








